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Abstract 

We discuss both theoretical tools to verify gauge invariance in numerical calcu- 
lations of cross sections and the consistency of approximation schemes used in 
realistic calculations. 

A finite set of Ward Identities for 4 point scattering amplitudes is deter- 
mined, that is sufficient to verify the correct implementation of Feynman rules 
of a spontaneously broken gauge theory in a model independent way. These 
identities have been implemented in the matrix element generator O'Mega and 
have been used to verify the implementation of the complete Standard Model 
in i?j gauge. 

The consistency of approximation schemes in tree level calculations is dis- 
cussed in the last part of this work. We determine the gauge invariance classes 
of spontaneously broken gauge theories, providing a new proof for the formalism 
of gauge and flavor flips. 

The schemes for finite width effects that have been implemented in O'Mega 
are reviewed. As a comparison with existing calculations, we study the con- 
sistency of these schemes in the process e^e^ — + e^Vpud. The violations of 
gauge invariance caused by the introduction of running coupling constants are 
analyzed. 
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Chapter 1 

Introduction 



Die Philosophic steht in diesem grofien Buch geschrieben, dem Universum, das 
unserem Blick stdndig offenliegt. Aber das Buch ist nicht zu verstehen, wenn 
man nicht zuvor die Sprache erlernt und sich mit den Buchstaben vertraut 
gemacht hat, in denen es geschrieben ist. Es ist in dcr Sprache der Mathematik 
geschrieben, (■■■), ohne die es dem Menschen unmoglich ist, ein einziges Wort 
davon zu verstehen; ohne diese irrt man in einem dunklen Labyrinth umher. 

Galileo Galiliei: zitiert nach: 
Albrecht Folsing: Galileo Galiliei 
ProzelJohne Ende, Eine Biographie 

The agreement between the theoretical predictions of the Standard Model 

(SM) of the clcctrowcak interactions and experiment is established to an impres- 
sive degree [1]. The only missing ingredient is the Higgs boson that yet has to 
be discovered. However, there are compelling theoretical reasons for believing 
that the clcctrowcak Standard Model is merely a low energy approximation to 
a more fundamental theory that should become visible at TeV scale energies. 
Thus indications on the underlying theory should be found by experiments at 
the LHC or at future linear colliders (sec e.g. [2]). These future experiments 
pose the challenge to theorists to make predictions for processes with many par- 
ticles in the final state. This is a general signature for processes with heavy, 
unstable particles in intermediate states that have to be considered to identify 
the nature of the new physics phenomena. Because the number of (tree-level) 
Feynman diagrams contributing to the scattering amplitude is growing rapidly 
with the number of external particles (it can be shown, that this growth is 
factorial in an unflavored 0"^ theory [3]), it is necessary to perform completely 
automatized numerical calculations [5]. 

An important example is given by the study of the nature of clcctrowcak 
symmetry breaking. Assuming a Higgs boson is found in future experiments, 
determining its properties like the form of the self interaction and the Yukawa 
couplings will require the study of processes with many fcrmions in the final 
state. In table 1.1 we show the number of diagrams contributing to associ- 
ated top-Higgs production that can be used to measure the top-quark Yukawa 
coupling. While the number of 'signal' diagrams is very small, almost forty- 
thousand diagrams contribute to the physical final state. 

If no light Higgs boson is found, the scattering of longitudinal gauge bosons 
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Process 
e+e" UH_ 
e+e" tibb 



Diagrams 



5 

45 

8314 
38232 




bW+bW-bb 
bii^Vfj^bdubb 



Table 1.1 



Associated top-Higgs production 



can bo used to detect signals of clcctroweak symmetry breaking by strong inter- 
actions at the TeV scale. The study of quartic gauge boson scattering involves 
processes with 6 fermions in the final states, so again a large number of Feynman 
diagrams contributes. 

As a final example we mention theories with Suporsymmetry (SUSY) where 
(assuming i?-parity conservation) suporsymmetric partner particles can only be 
produced in pairs and doc;ay through cascade decays. Niunerical examples for 
the drastic growth of the number of Feynman diagrams with the number of 
external particles in the minimal supersymmetric Standard Model have been 
given in [6]. 

To calculate cross sections for scattering processes with many final state 
particles in an efficient way, it is mandatory to use a matrix element generator 
that generates compact code without redundancy. The algorithm of the program 
O'Mega (An Optimizing Matrix Element Generator) [3, 4] solves this problem 
and suppresses the factorial growth of complexity to an exponential one. As 
the second step in the calculation of the cross section one needs to perform the 
integration over the phase space of the final state particles, using an automatized 
phase space generator like WHIZ ARD [8] . The calculation of cross sections with 
more than 4 fermions in the final state is currently limited to tree level precision, 
the calculation of loop corrections using O'Mega and WHIZARD is currently 
being studied [9]. 

The use of automatized calculation systems also implies the need for au- 
tomatized consistency checks of the numerical calculations that ensure both the 
validity of the Feynman rules of the particle physics model and the numerical 
stability of the algorithm. A natural choice for these consistency checks is the 
use of the Ward Identities associated with the gauge invariance of the parti- 
cle physics model used in the calculation. Since gauge invariance is intimately 
connected to (tree- level) unitarity [10, 11], large numerical errors can be caused 
by violations of gauge invariance and it is important to maintain gauge invari- 
ance in the numerical calculations. This is also a challenge to approximation 
schemes that include higher order effects like finite widths of unstable particles 
or running coupling constants in effective tree level calculations. 

In this work we discuss both the tools to verify gauge invariance in numerical 
calculations of cross sections and the consistency of approximation schemes. In 
chapter 2 we will give a more detailed discussion of the importance of gauge 
invariance and introduce the Ward Identities that express the gauge invariance 
of physical scattering amplitudes. 

In part II we determine a finite set of Ward Identities for scattering ampli- 
tudes that is sufficient to verify the correct implementation of Feynman rules of 
a spontaneously broken gauge theory in a model independent way. As described 
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in chapter 7, these identities have been implemented in O'Mega and have been 
used to verify the implementation of the complete Standard Model in gauge. 

The problem of the consistency of approximation schemes in tree level calcu- 
lations is discussed in part III. The factorial growth of the number of Feynman 
diagrams with the number of external particles motivates the search for gauge 
invariant subsets of Feynman diagrams. The decomposition of the amplitude 
into several separately gauge invariant sets of diagrams has been initiated in 
[14] and a complete classification has been achieved in [15]. In chapter 8 we 
extend the formalism of [15] to spontaneously broken gauge theories. These 
results have already appeared in [18]. 

Approximation schemes also have to be used to include finite gauge boson 
widths and running coupling constants in tree level calculations. The notorious 
violations of gauge invariance from inconsistent prescriptions for finite width 
effects can lead to errors of orders of magnitudes [20] . In chapter 9 we review 
schemes that have been suggested to treat unstable particles in tree level cal- 
culations [21 25] and that we have implemented in O'Mega. As a comparison 
to the literature, we study the consistency of these schemes in the single W 
production process e~e"'" — > e~i>eud. The violations of gauge invariance caused 
by the introduction of running coupling constants are analyzed in chapter 10. 

In part I we collect necessary tools for the remainder of the work, including 
a new diagrammatic proof of the formalism of [15] for gauge invariance classes 
[18] and a identity for vertex functions with several momentum contractions 
that to my knowledge previously hasn't been derived in the literature. 



Chapter 2 



Gauge invariance in 
numerical calculations: tool 
and challenge 

In this chapter we review the importance of gauge invariance in theoretical 
models in particle physics, stressing both theoretical and numerical aspects that 
will become important in later parts of this work. A main motivation for the 
formulation of elementary particle physics in terms of gauge theories is the well 
known connection between gauge invariance and (tree-level-) unitarity [10, 11] 
that we briefly review in section 2.1. 

The importance of gauge invariance for unitarity and therefore good high 
energy behavior of scattering amplitudes leads naturally to the question how 
to check gauge invariance in numerical calculations of scattering amplitudes. 
The gauge invariance of a theory manifests itself in the Ward Identities that 
are reviewed in section 2.2. In section 2.3 we address the question how the 
consistent implementation of a particle physics model can be verified using the 
Ward Identities. This discussion will be the subject of part II. 

Having discussed the reasons for insisting on gauge invariant calculations, 
we turn to the challenges this poses in actual computations of cross sections. 
In general it is important, to consider all Fcynman diagrams contributing to an 
amplitude to obtain gauge invariant results. Because of the factorial growth of 
the number of diagrams with the number of external particles, the computation 
of scattering amplitudes with many particles in the final state involves thousands 
of Feynman diagrams. In some cases, however, the set of diagrams can be 
decomposed into several, separately gauge invariant, subsets. In section 2.4 we 
sketch the formalism of gauge and flavour flips [15], to obtain these so called 
groves. A derivation of this formalism from the Slavnov- Taylor Identities (STIs) 
is given in chapter 4. In chapter 8 we will discuss the peculiarities of groves in 
spontaneously broken gauge theories. 

We conclude our survey of challenges posed by gauge invariance in sec- 
tion 2.5, sketching the severe problems caused by finite width effects in real- 
istic calculations involving unstable particles. The subject of maintaining gauge 
invariance while including higher order effects in realistic calculations are dis- 
cussed more throughly in part III of this work. 
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2.1 Tree- level unitarity and gauge invariance 

In [10, 11] it was shown that a spontaneously broken gauge theory is the only 
theory of massive vector bosons satisfying trcc-lcvcl unitarity. For a didactic 
derivation of the Standard Model Lagrangian using tree level unitarity see [13]. 
Tree-level unitarity is defined by the requirement^ that tree level matrix ele- 
ments for iV-particle scattering amplitudes scale for high energies at most as 

A^($l$2 ^ $3...$^) < (2.1.1) 

To show that this requirements uniquely singles out spontaneously broken gauge 
theories, one has to consider 4 particle Green's functions and also the 5 particle 
amplitudes WW HHH and WW WWH to determine the scalar self 
interaction. 

The problems concerning unitarity originate from the high energy behavior 
of the longitudinal polarization vectors of massive gauge bosons that become 
proportional to the momentum: 




(2.1.2) 



Since the triple gauge boson vertices contain one momentum, one expects the 
matrix element for 4 gauge boson scattering to grow like E'^ (including the 
terms oc p^^p^ in the propagator even like E^), violating the bound (2.1.1). 
Similarly the matrix element for 2 fermion 2 gauge boson scattering and the 
matrix element for 2 scalar - 2 gauge boson scattering can expected to diverge 
quadratically. For fermions the fact that polarization spinors scale like \fE has 
to be used to arrive at that result. 

As a simple example we consider the process fifj WaWb in a toy model 
of massive fermions and gauge bosons 

^ = —{d^W^a - d^W^aWW^ - d^Wlt) + mlwl + i^i(i^ - mO^i 

+ ^iWaT^^i - r'^Wb^W^^d^W^ - ^g^fiWa ■ Wt){Wt ■ W,) (2.1.3) 

where we don't suppose that the couplings are of Yang- Mills form. 

We will show, that the bad high energy behavior associated with longitudinal 
gauge bosons can only be avoided if the couplings are of the Yang Mills typo. 

At energies much larger that the masses of all particles, we can drop the 
fermion masses and use the approximation 

P 
mw 

for the longitudinal polarization vector of the massive gauge bosons. 

A calculation similar to the evaluation of the fifj WaWb Ward Identity 
in appendix F.2.2 gives the result 



^One can go further and demand not only the correct scaling properties of the matrix 
elements but also that the partial waves are bounded by 1. Using this approach, an upper 
bound of the standard-model Higgs mass of ~ 1 TcV can be derived [12]. We don't consider 
this approach to tree level unitarity in the following discussion. 



(2.1.4) 
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_ iPa+Pb? a,c 1 {v,^,T^.Uj) (2.1.5) 

As expected, this diverges quadratically with E for E ^ oo. 

If the /"^"^ are the structure constants of the Lie algebra of the r, this can 
be simphfied to 

so the dangerous divergence is removed. 

If we don't neglect the masses, however, a linear divergence remains that has 
to be canceled by including Higgs bosons with the appropriate couplings (see 
e.g. [13]). In [36] the constraints on the Higgs-gauge boson couplings arising 
from tree level unitarity were used as 'Higgs sum rules' and phenomenological 
applications of these relations in constructing non-minimal Higgs models are 
reviewed in [37]. 



2.2 Consequences of gauge invariance: Ward Iden- 
tities 

According to the Noether theorem, the symmetry of a theory implies the exis- 
tence of a conserved current. The consequences of current conservation for the 
Green's functions in quantum field theory are the so called Ward Identities. We 
will discuss their form first for the case of global symmetries in section 2.2.1 
before turning to QED in section 2.2.2. We then briefly review Ward Identi- 
ties in unbroken and spontaneously broken nonabelian theories, leaving a more 
detailed discussion to chapter 3. 



2.2.1 Global Symmetries 

We begin our discussion of Ward Identities by considering a global infinitesimal 
transformation of the fields 

$^A$ (2.2.1) 

that leaves the action S[^] invariant. This invariance manifests itself in relations 
among the observables of the theory. As a consequence of the symmetry, the 
scattering matrix elements of different fields are related by the identity 

= A (X($l(pi) ^n{Pn))) = ^ A^($l(pi) . . . A^jipj) . . . $„(p„)) 

(2.2.2) 

This relation is in fact a special case of a more general identity that involves 
the conserved Noether current . Either from canonical commutation relations 
[38, 39] or using path integral methods [40, 41] one can derive the so called Ward 
Identity for insertions of the current into Green's functions: 



5^(0|T[j^(x)$i(yi)---«>n(2/n)]|0) 
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= E (0|T • • • A$i(2/i) . . . $„(y„)]|0) d\x - Vi) (2.2.3) 

i 

Since the left hand side of equation (2.2.3) is a total derivative, it drops out 
if this equation is integrated over the whole of spacetime. Applying the LSZ 
formula to get scattering matrix elements wc then obtain equation (2.2.2)^. 

A symmetry of the theory imposes also conditions on the irreducible vertices 
of the theory. To obtain these relations, we note that the invariance of the action 
under symmetry transformations leads to the condition 




(2.2.4) 



It can be shown that in theories without anomalies the effective action satisfies 
the same identity [44] , called the Ward Identity of the effective action: 

j d'xY^^^ci§^ = ^ (2.2.5) 

Since the effective action is the generating functional for the irreducible vertices 
(some properties of the effective action are reviewed in section 3.2) one can 
derive the Ward Identities for the irreducible vertices by taking derivatives of 
this equation with respect to a suitable set of classical fields. 



2.2.2 Quantum electrodynamics 

Since a massless vector particle like the photon has 2 degrees of freedom, the 
description in terms of a vector field with 4 components is redundant. The 
only consistent treatment of this redundancy is to insist on a gauge invariant 
coupling of photons to matter [38]. On the quantum level, the decoupling of 
the unphysical degrees of freedom is guaranteed by the Ward Identities of the 
theory. 

The Ward Identity for the insertion of currents into Green's functions has 
the same form as in the case of global symmetries [39-41]. Prom equation (2.2.3) 
we obtain, specializing to U{1) transformations: 

dl (0|T [f{x)^{x^)i>{y^) . . . A^^izn)] |0) 
= e (0|t [^(a;i)^(yi) . ..A^M] |0) E (-^^(^ " ' ^^(^ " ^')) (2-2-6) 

i 

The most famous special case of equation (2.2.6) is the original Ward Identity 
that provides a connection between the electron self-energy E and the electron- 
photon vertex function A : 

IT^(P,P,0) = Al](p) (2.2.7) 

^For two reasons, this argument goes only through if the symmetry is unbroken: The 
integral over the current cannot be performed, since the charge Q = J d^^xjoix) doesn't exist 
for spontaneously broken symmetries. Also, the masses of the particles in a broken multiplet 
need not be equal. Therefore the Green's functions on the right hand side of equation (2.2.3) 
may have a different pole structure and we can't amputate all Green's functions with the LSZ 
formula. 
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Like global symmetries the gauge symmetry implies a Ward Identity of the 
effective action. Inserting the gauge transformations of the fields into equa- 
tion (2.2.5) and taking the derivative with respect to the gauge fixing parameter, 
we find that the effective action of QED satisfies the Ward Identity (neglecting 
the effects of gauge fixing) 

(5r r s (5r 

-'ip{x)-ie^{x)-j =0 (2.2.8) 



Differentiating with respect to ij) and t]j gives an identity for the electron photon 
vertex that can be used to give another derivation of equation (2.2.7). 



2.2.3 Yang-Mills-Theory 

The above discussion glossed over an important point that can be circumvented 
in QED but makes the derivation of the STIs, the identities corresponding to the 
Ward Identity in nonabclian gauge theories, much more complicated. Because 
of gauge fixing, the Lagrangian used in perturbativc calculations is in fact not 
gauge invariant and the naive current conservation breaks down. In QED the 
gauge transformation of the gauge fixing term is nonintcracting so this can be 
ignored in most cases. This is not possible in nonabclian gauge theories and 
new methods have to be used, including the introduction of ghost fields [45, 46]. 

The original treatment of the STIs involved either complicated diagram- 
matic arguments [47] or nonlocal gauge transformations [48]. For a systematic 
discussion, the discovery of a new unbroken global symmetry of the gauge fixed 
Lagrangian, the so called BRS (Becchi-Rouct-Stora) symmetry [49] was essen- 
tial. 

The BRS symmetry is a global symmetry with a fermionic, nilpotent gen- 
erator Q. The BRS transformation of physical fields is obtained by replacing 
the gauge transformation parameter LUaix) by a constant Grassmann number e 
times a Faddeev Popov ghost field c^. For fields with a linear transformation 
law under gauge transformations 

S<^i = WaT^-^j (2.2.9) 

the BRS Transformation therefore reads 



ABRS^i = eSBRS^i = [ieQ, $i] = ec„7;»$j (2.2.10) 

The transformation laws of the gauge fields and ghosts are given in appendix A. 
For the derivation of the Ward Identities, the transformation law of the antighost^ 

SBRSCa = -^d^G>i (2.2.11) 

is important. Here is the gluon field. Since physical states in the BRS 
formalism satisfy the so called Kugo-Ojima relation 



Q [in) = (out[ Q = (2.2.12) 
'We have used an equation of motion and we work in a general linear t'Hooft gauge. 
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we obtain the identity: 

(out|9^G^|in) = (2.2.13) 

called Ward Identity, like in QED. 

The STI for ofT-shcll Green's functions, corresponding to equation (2.2.6), 
and the generalization of the Ward Identity (2.2.8), the so called Zinn- Justin 
(ZJ)-equation [50], are more complicated than in QED. These identities are 
reviewed in chapter 3, in this introduction we discuss only the simple Ward 
Identity for on-shell scattering amplitudes. 

2.2.4 Massive vector bosons 

Since explicit mass terms for vector bosons break gauge invariance, Yang Mills 

theories cannot be straightforwardly generalized to massive vector bosons. Naive 
theories for massive vector bosons suffer from nonrenormalizability and unitarity- 
violation. 

The only consistent way to describe massive vector bosons is through a 
spontaneously broken gauge theory. We will discuss only spontanteous symme- 
try breaking by fundamental scalars in the main part of this work. Here the 
symmetry group G of the Lagrangian is broken to a subgroup H that leaves the 
vacuum expectation value of some scalar fields invariant. The gauge bosons as- 
sociated to the broken generators of G acquire a mass. For every massive gauge 
boson, a so called Goldstone boson gets 'eaten', i.e. it becomes unphysical 
and provides the longitudinal degree of freedom for the gauge boson. 

The Goldstone bosons are connected to the massive gauge bosons by the 
identity^ [11, 12, 52] 

-iA;^A^''(in + W ^ out) = m^„A^(in + (j) ^ out) (2.2.14) 

called (like in QED) 'Ward Identity' in the following. We sketch the derivation 
of equation (2.2.14) from BRS-invariance briefly in section 3.1. 

The Ward Identity (2.2.14) can be generalized to several gauge bosons con- 
tracted with a momentum. For two contracted gauge bosons the Ward Identity 

reads 

(-i)^p^Pfc7W^,Xin + WaWb out) - mWamwt,Miin + (j)a(j)b out) 

+ i"itv„p|^7W^(in + (j)aWb out) + imwi,PaM^{m + Wa(t)b ^ out) = 

(2.2.15) 

Similar identities can be obtained for more contractions. 

Since for high energies the longitudinal gauge boson vector approaches the 
momentum (see equation (2.1.2)), the exact Ward Identity (3. 1.14) can be used 
to derive the approximate formula^ 

e^A1^(in + W out) = iA4(in + ^ out) + O (^) (2.2.16) 

called the Goldstone boson equivalence theorem [52] (see also [40, 41]). A sim- 
ilar relation holds for more than one gauge boson. This theorem can be used 
to express physical scattering amplitudes for longitudinal gauge bosons approx- 
imately by simpler matrix elements for Goldstone bosons. 

*This simple form is only valid on tree level, loop corrections have been considered in [51] 
^ There arc some modifications of this simple identity on loop level [51], in effective field 
theories [53] and for off shell gauge bosons [54] . 
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2.3 Ward Identities as tool in numerical calcu- 
lations 

Because violations of gauge invariance can result in numerical instabilities asso- 
ciated with violation of unitarity, it is very important to verify gauge invariance 
in large scale numerical calculations of cross sections. The Ward Identities re- 
sulting from gauge invariance are a natural tool for such consistency checks. 

In mimerical calculations, it is important to separate violations of the Ward 
Identities caused by numerical instabilities from those originating from wrong 
implementation of the Feynman rules. One would like to restrict the gauge 
checks to on-shell scattering amplitiides since those are the natural objects ap- 
pearing in tree level calculations. Furthermore, this allows to use the simple 
Ward Identities (2.2.14) that provide universal, model independent checks, while 
the identities for off -shell Green's functions (like the QED Ward Identity (2.2.6) 
and the STIs discussed in chapter 3) depend on the gauge group and the rep- 
resentations. Also the complete ghost Lagrangian is needed to check the STIs 
and one prefers to postpone the introduction of ghosts as long as possible. This 
suggests to determine a finite set of on-shell Ward Identities that are sufficient 
to verify the Feynman rules of the theory. 

2.3.1 Reconstruction of the Feynman rules? 

It is a well known textbook example [40, 42, 43] that the Ward Identity for the 
2 quark 2 gluon amplitude in Yang Mills theory requires the existence of a 3 
gluon vertex with the coupling constants given by the structure constants of the 
gauge group. 

Evaluating the diagrams contributing to the Ward Identity (2.2.13) for the 
qq gg scattering amplitude, using the Feynman rules from equation (2.1.3) 
and setting the gauge boson masses to zero, gives (the calculation is done in a 
more general case in appendix F.2.2) for the two Compton diagrams: 



In contrast to the case of QED, the sum of the Compton diagrams doesn't 
satisfy the Ward Identity by itself since the commutator [r°',T''] is nonzero in 
a nonabelian theory. From the Lagrangian (2.1.3) there is another diagram 
involving the triple gauge boson vertex: 




(2.3.1) 



1j 




(2.3.2) 



Therefore imposing the Ward Identity (2.2.13) on the qq gg scattering am- 
plitude implies that the quark-gluon coupling matrices r and the triple gauge 
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boson coupling /""'^ must be connected via the Lie algebra 

[r«,T^] =i/°'«=r^ (2.3.3) 

Similarly, demanding that the 4 gluon scattering amplitude satisfies the Ward 
Identity (2.2.13) implies that the f"'^^ satisfy the Jacobi Identity 

jabe ^cde _|_ jcae y6de _|_ ^ade ^bce 

and that the quartic gauge boson coupling is given by 

gobcd ^ jabejcde (2.3.5) 

This calculation is presented in appendix F.2.1 for the case of spontaneously 
broken gauge theories. 

Therefore wc have 'reconstructed' the Yang-Mills structure of the Lagrangian 
(2.1.3) by imposing the Ward Identity (2.2.13) on the 4 point amplitudes of the 
theory. 

Unfortunately this result can not be easily extended to a spontaneously 
broken gauge theory. The difficulties result from the unphysical nature of the 
Goldstone bosons. To be more specific, the origin of the complications is the 
inhomogeneous term in the BRS transformation law of the Goldstone bosons: 

5^KS(l>a = -mWaCa + ■ ■ ■ (2.3.6) 

If we consider the STI for an physical amplitude with insertions of an unphysical 
gauge boson and an additional Goldstone boson: 

= ^BRS (out|ca^6|in) 

= (out|(9^Wo - ^m^0a)06|in) + (out|caC6|in) H (2.3.7) 

we see that both terms have a pole at the unphysical Goldstone boson mass that 
survives amputation with the LSZ formula. To evaluate the second term, wc 
must use the ghost Lagrangian. Since ghosts don't appear in tree-level calcula- 
tions of physical amplitudes, one would like to avoid the use of equation (2.3.7). 

As wc will show in part II of this work, gauge checks of 4 point functions 
without external Goldstone bosons are sufficient to verify the Feynman rules 
(apart from quartic Higgs self couplings) as long as the Ward Identities (2.2.15) 
with up to 4 contractions are used. 

As sketched in section 2.1, the Feynman rules spontaneously broken gauge 
theories can also be reconstructed from tree level unitarity of 4 and 5 point 
functions. Unfortimately, the use of equation (2.1.1) as check in numerical cal- 
culations requires to determine the energy dependence of scattering amplitudes 
at very high energies, while the Ward Identities are valid at every point in 
phase space. This allows to perform gauge checks at the matrix element level, 
independent of phase space integration. 

2.3.2 Numerical checks of Ward identities 

We will now sketch some aspects of numerical checks of Ward Identities and 
our implementation in the matrix element generator 0'Mega[3, 4]. O'Mega is 
especially suited for the implementation of gauge checks since it uses gauge 



(2.3.4) 



CHAPTER 2. GAUGE INVARIANCE: TOOL AND CHALLENGE 



12 



invariant subamplitudcs to construct the scattering amplitude. Therefore the 
simple Ward Identity (2.2.14) can be used for gauge checks in O'Mega in a very 
natural way. Gauge invariance can be checked for every internal gauge boson 
contributing to the amplitude. The architecture of O'Mega and the implemen- 
tation of the Ward Identities is discussed in more detail in chapter 7. 

Other matrix element generators that use Feynman diagram as building 
blocks like CompHEP [55] allow checks of Ward Identities only for external gauge 
bosons. Another approach is to verify the BRS invariance of the Feynman rules 
directly [56], but this makes it necessary to use the explicit form of the BRS 
transformation so no model independent checks are possible. The purely numer- 
ical algorithm of Alpha [57] works also with gauge invariant subamplitudes but 
it is the symbolic nature of O'Mega that makes a transparent implementation 
of gauge checks possible. 

According to the results discussed in section 2.3, the Ward Identities for 4 
point amplitudes with on-shell particles are sufficient to reconstruct the Feyn- 
man rules of a spontaneously broken gauge theory, as long as the identities with 
several contractions (2.2.15) are considered. The implementation described in 
section 7.2 allows to verify equation (2.2.15) for external gauge bosons, but 
checks of internal gauge bosons are not possible in this case. 

The numerical checks of the Ward Identities (2.2.14) and (2.2.15) have proved 
very useful in debugging the implementation of the Standard Model Feynman 
rules in O'Mega. The sensitivity of these gauge checks is so large that relative 
errors in coupling constants as small as 0(10"^) can be detected. 

2.4 Gauge invariance classes 

Since the number of diagrams in processes with a large number of external 
particles will be rather huge, one would like to select some signal diagrams 
that dominate over the remaining background diagrams because of their pole 
structure. However, in general all Feynman diagrams contributing to a Green's 
function must be considered to obtain a gauge invariant expression, satisfying 
the Ward Identity (2.2.13). Nevertheless, in some cases it is possible to find 
separately gauge invariant subsets of Feynman diagrams, the so called 'gauge 
invariance classes' or 'groves'. After a classifications of gauge invariance classes 
in 4 fermion production processes [14], a systematic procedure to construct this 
subsets using the formalism of 'gauge and flavor flips' has been found in [15]. 
Before we introduce this formalism, we will first describe some simple examples 
in QED and QCD. 



As a first, very simple example, consider Bhabbha-scattering in QED. Here a s- 
and a t-channel diagram contribute: 



Both diagrams are separately gauge invariant (i.e. independent of the gauge 
parameter of the photon propagator) as can be seen by the following observation. 



2.4.1 QED 



e 




(2.4.1) 
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providing a simple example for a so called flavor selection rule: 

In the similar process e+e~ —^ /U+/U~ where both fermion pairs belong to 
different families, only the s-channel diagram appears, while in the case of 
li~ e+/i~ only the f-channcl diagram appears. Since the scattering ampli- 
tudes for both processes are gauge invariant, both diagrams in equation (2.4.1) 
must also be gauge invariant by themselves. 

In this simple example, this can be of course verified easily by explicit cal- 
culation, but the argument carries over to more complicated situations and to 
other theories than QED. 

Turning to larger diagrams, it is well known in QED that the expression 
obtained from a given Feynman diagram by summing over all possible insertions 
of a photon along a charge carrying fermion line going through the diagram, 
satisfies the Ward Identity by itself (sec e.g. the graphical proof of the Ward 
Identity in [40]). Thus the amplitude for e+e^ /Lt+/x^7 can be separated in 
two gauge invariant subsets: 




(2.4.2) 



This allows the separate treatment of initial-state and final-state Bremsstrahlung. 
If we consider instead the process e+e^ e+e~7, i.e. Bhabbha scattering with 
an additional Bremsstrahlungs-photon, we can appeal to the flavor selection 
rules discussed above and see that we get altogether 4 gauge invariance classes. 

2.4.2 Nonabelian gauge theories 

The situation in nonabelian gauge theories is considerably more complicated 
then in QED. since the gauge bosons carry charges of the gauge group them- 
selves. Considering the process qq qqg, as an analog of the QED example 
e+e^ /i+/x^7 in equation (2.4.2), we get an additional diagram since the 
gluon can be inserted into a gluon propagator: 




This diagram has to be considered together with all four diagrams in equa- 
tion (2.4.2) to obtain a gauge invariant expression. Therefore the decomposition 
into gauge invariance classes in equation (2.4.2) breaks down. However, the ar- 
gument leading to the flavor selection rules remains valid, since one can always 
introduce fictitious additional generations of quarks, so one gets a conserved 
quantum number that has to be conserved along quark-lines going through the 
diagrams. Therefore the amplitude for the process qq — * qqg contains 2 gauge 
invariance classes, resulting from the insertion of the gluon into the s and t- 
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channel diagrams for the proeess qq ^ qq. The gauge invariance class Gg ob- 
tained by inserting the gluon in the s channel diagram looks like 




(2.4.3) 



Similar considerations apply to scalar particles in nonabclian gauge theories. 

In spontaneously broken gauge theories the role of Higgs bosons is not clear 
a priori. Because of the presence of a WWH-veitex 




neutral Higgs bosons cannot be assigned a (fictitious) conserved charge as we 
have done above to derive the flavor selection rules. We discuss groves in spon- 
taneously broken gauge theories in chapter 8 in detail. 



2.4.3 Forests, Groves and flips 



In order to derive gauge invariance classes in nonabelian gauge theories sys- 
tematically, in [15] the formalism of 'gauge and flavor flips' was introduced. 
We will sketch the formalism for the case of a unbroken Yang-Mills theory, the 
application to spontaneously broken gauge theories is discussed in chapter 8. 

An elementary flavor flip is defined as a exchange of two diagrams in the set 
Tp, defined as follows: 



rpF _ r.F,l , 




(2.4.4) 



Flips between larger diagrams can be obtained by applying elementary flips to 
4 particle subdiagrams. 

Returning to the example of Bhabbha scattering, we see that the two dia- 
grams in equation (2.4.1) are connected by a flavor flip. 

Elementary gauge flips are defined as exchanges among the diagrams in the 
sets 



G,l ^G,2 ,G,3 .G,i\ 
4 > ''4 > ''4 J 



1*4' 




and 



r,G,5 ,G,6 .G,7-i 
,14 ,14 j- 






(2.4.5a) 



(2.4.5b) 
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The diagrams in the gauge invariance class (2.4.3) are connected by gauge flips 
of qq gg subdiagrams. 

The set of diagrams connected by flavor and gauge flips is called forest, a 
set of diagrams connected by gauge flips only is called grove. 

The example of the qq qqg amplitude suggests, that the groves can be 
identifled with gauge invariance classes, while the flavor flips are connected to 
flavor selection rules. Indeed it has been shown in [15], that the groves are 
the minimal gauge invariance classes of Feynman diagrams. In chapter 4 we 
will provide a more explicit proof, directly based on the STIs, that justifies our 
treatment of flips in spontaneously broken gauge theories in chapter 8. 

Further results and examples for the structure of groves can be found in 
[15-17]. The formalism is applied to loop diagrams in [19]. 

2.5 Gauge invariance and finite widths 

The calculation of realistic scattering amplitudes makes it necessary to include 
the finite decay widths of unstable particles. The simplest method to include 
finite width effects is the use of propagators in Breit-Wigner form. Field the- 
oretically the propagators of unstable particles can be obtained by resumming 
the self-energy insertions into the propagators. However, this procedure violates 
gauge invariance. Even tiny violations of gauge invariance can have disastrous 
effects, if the subamplitudes that violate the Ward Identity are contracted with 
propagators of almost resonant gauge bosons and it is well known that the in- 
consistent treatment of finite width effects can result in result that are wrong 
by orders of magnitude [20] . 

The fact that the naive introduction of finite gauge boson widths in tree 
level calculation violates electromagnetic gauge invariance can be seen from the 
observation that the introduction of a finite gauge boson width using a naive 
Breit-Wigner propagator in unitarity gauge: 



a; (0|T [A>^{x)W+{y,)W-{y2)] |0) ^ 

J2 ±e (0|T [W+iyi)W-{y2)] |0) S^{x - y,) (2.5.2) 



Several schemes have been proposed to overcome this problem. Some schemes 
introduce simple prescriptions to introduce finite widths in tree level calculations [21- 
25]. These simple schemes have all been implemented in O'Mega and will be 
discussed in chapter 9 where also numerical results for 4 fermion production 
processes are presented. 

Given the present capabilities of O'Mega, we have not implemented schemes 
that involve loop calculations [29-32]. 

Similar problems with gauge invariance arise from the use of running cou- 
pling constants as will be discussed in chapter 10. 




(2.5.1) 



results in a violation of the Ward Identity for the WW'y vertex: 
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Chapter 3 

Slavnov Taylor Identities 



In chapter 2 we have sketched the importance of maintaining gauge invariance in 
numerical calculations in gauge theories. We now turn to a more formal review 
of the Ward Identities and STIs that express gauge invariance on the Green's 
functions and irreducible vertices. 

In numerical applications, we are concerned with gauge checks for amputated 
Green's functions and we will discuss the STIs satisfied by these functions in 
section 3.1. 

To make the discussion of the reconstruction of the Feynman rules from the 
Ward Identities in part II more transparent and for the discussion of gauge 
invariance classes in spontaneously broken gauge theories, it will be useful to 
get insight in the mechanisms that ensure the validity of the Ward Identities 
from a diagrammatic point of view. To prepare for this graphical analysis in 
chapter 4, we review the STIs of the irreducible vertices that direct the gauge 
cancellations among different Feynman diagrams. In section 3.2 we will sketch 
the Zinn-Justin equation in spontaneously broken gauge theories that is used in 
section 3.3 to obtain STIs for physical vertices. 

In section 3.4 we derive the STIs for irreducible vertices where two gauge 
bosons are contracted with their momenta. These STIs are used in chapter 6 
to simplify the evaluation of the Ward Identities with several contracted gauge 
bosons (2.2.15). To my knowledge the STI for irreducible vertices with two 
momentum contractions has not appeared in the literature previously. 

We will postpone the detailed discussion of the Lagrangian of spontaneously 
broken gauge theories until chapter 5, using some general facts about this the- 
ories in this chapter that can be found in textbooks like [38-43] . 

3.1 STI for Green's functions 

As we will show in part II, the Ward Identities (2.2.15) — in which only the 
Gauge bosons are off their mass shell — are sufficient to verify all Feynman rules 
of a spontaneously broken gauge theory. 

Nevertheless it is important to discuss the generalizations of these identities 
to off-shell particles, the so called Slavnov Taylor Identities. Concerning the 
discussion in part II, the STIs are important tools to simplify and structure the 
evaluations of Ward Identities for Green's functions. 
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While the ofF-shch identities are not necessary for numerical gauge checks 
in tree level calculations of ordinary gauge theories, the STIs are relevant for 
consistency checks in loop calculations. Thus their discussion is also useful as 
a preparation for future applications. Also the STIs following from SUSY-BRS 
transformations [58] are needed to verify the Feynman rules of supersymmetric 
gauge theories with broken supersymmetry [6, 7]. 

3.1.1 The general STI of Green's functions 

The simple Ward Identities sketched in section 2.2 are only valid if all external 
particles (except the gauge bosons) are on shell. We will now briefly review the 
systematic derivation of the STIs for Green's functions, that are the generaliza- 
tion of the Ward Identities to off shell particles. 

From the general STI for Green's functions (A. 1.8) 

= • • • ^BRS*i . . . *n]|in) (3.1.1) 

i 

we can obtain the identity corresponding to the QED Ward Identity (2.2.6) if we 
choose one field to be an antighost and let the rest of the fields be physical fields 
(from now on denoted generically by $i). We will first consider only fermions 
and physical scalar fields, gauge and Goldstone bosons are more involved and 
we will return to them later. The STI then reads 

= (out| T[[ig, c(a;)$i (yi) . . . $„(2/„)]]in) 

= (out| T[B{x)^i{yi) . . . $„(y„)]in) 

+ (out| T[c{yi)c{x)Myi) ■ ■ ■ A$i(2/i) • • • $n(yn)]|in) (3.1.2) 

i 

We have written the BRS transformation (A. 2.1) of the fermions and physical 
scalars schematically as 

(5brs$ = cA$ (3.1.3) 

where A$ is the gauge transformation of the field After using the equation of 
motion for the Nakanishi-Lautrup field (A. 2. 6) in a spontaneously broken gauge 
theory in gauge 

B = --^{d^W^^ - ^mw<k) (3.1.4) 

this turns into 

(out| Tl^d^Wix) - m^(/.(a;))$i(yi) . . . $„(y„)]in) 

= (out| T[c(yi)c(x)$i(2/i) . . . A$i(yi) . . . $„(y„)]|in) (3.1.5) 

i 

We don't consider nonlinear gauge fixing functions, that result in similar but 

more complicated relations. 

Comparison with the QED Ward Identity (2.2.6) shows that we arrived at 
a similar equation where the insertion of the divergence of the current d^J^ is 
replaced by j{d ^jW {x) — $,mw 4') a ghost- antighost pair appears instead of 
the delta function. 
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Using the graphical notation of appendix A. 3 we can represent the identities 
(3.1.5) as 




(3.1.6) 



The 'contact terms' on the right hand side of equation (3.1.5) give rise to dis- 
connected terms so they are represented by a diamond shaped blob. The form 
of these terms will be discussed in more detail below (see equation (3.1.15)). 
Since the BRS transformation of the gauge bosons (A. 2. Id) 

^BRsW^a = {D^c)a = d^Ca + F^'^W^bCc (3.1.7) 

is inhomogeneous, gauge bosons appearing as off-shell particles in the STl (3.1.5) 
have to be treated separately. The graphical representation of the STI with one 
external gauge boson is 




(3.1.8) 



The generalization to more external gauge bosons should be obvious. 

We can also consider Green's functions with several unphysical gauge bosons 
and off-shell particles, i.e. the generalization of the Ward Identity (2.2.15). The 
STI for this case reads 

= (0|T [[i(5, c{xi)B{x2) . . . B{xm)'^i{yi) . . . $„(?;„)] |0) 

= (0|T [B{xi)B{x2) . . . B{x„^)<^l{yl) . . . $„(?y„)]|0) 
+ Yl {0\T[c{yi)c{x)B{x2) . . . B{xm)^i{yi) . . . A<^i{yi) . . . $„(?/„)] |0) (3.1.9) 

i 

and can be represented graphically as 




(3.1.10) 
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3.1.2 STIs for amputated Green's functions 

To turn the STI (3.1.5) into a form that applies to scattering matrix elements, it 
is necessary to amputate the propagators of the external particles. The resulting 
identities are those that are relevant for numerical gauge checks. 

If all particles with the possible exception of the gauge boson are on-shell, 
the contact terms on the right hand side of equation (3.1.5) vanish and one 
arrives at the simple identity (2.2.14) 

-iki,M^{in + W out) = m^Al(in + (/) -> out) (3.1.11) 

that we have already given in chapter 2. In the derivation one has to use the 
(tree level) relation [51, 52] 

fc^^l^/" = -W (3.1.12) 

that is a consequence of the STIs for the propagators as we review in ap- 
pendix C.l. 

To discuss the STI with several insertions of the auxiliary field B given in 
equation (3.1.9), we will introduce the shorthand 

M{Va{Pa) ...) = -iPaf^M^iWI^iPa) • . • ) - mw„M{MPa) ■ ■ ■) (3.1-13) 

For outgoing gauge bosons, the sign of the momentum has to be changed. We 
will take this as understood in the definition of 2?. 

Using this notation, one can obtain from (3.1.9) the identity 

M{V...V^...<i>) = (3.1.14) 

where only the contracted gauge bosons are off-shell. 

If other external particles are off shell, the contact terms have to be taken 
into account. We have already discussed the STIs for amputated Green's func- 
tions with off-shell particles in [54] in the context of corrections to the equiv- 
alence theorem for off-shell gauge bosons, so we just sketch the results. Our 
conventions in the definitions of the amputated Green's functions are given in 
appendix C.1.1, the implementation in O'Mcga will be discussed in section 7.3. 

At tree level, the contact terms can be written as a sum over factorized 
connected diagrams, interconnected only by the BRS-vertices: 




(3.1.15) 



As an example, consider a 4 point contact term with two external fermions and 
one gauge boson: 
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(3.1.16) 



The first term corresponds to k = 2,1 = 3, the second one to = 3, ^ = 2 in 
equation (3.1.15). 

We see from the example and the general expression, that in the contact 
terms there is no propagator with the momentum of the BRS transformed exter- 
nal particle. Therefore the operator (cA$)(x) has to be treated as an insertion 
that is not amputated. When we go over to amputated Green's fimctions in the 
STI (2.2.3), because of this missing propagator the contact terms appear with 
the inverse propagator of the BRS transformed particle. The amputation of the 
contracted gauge boson line is again performed using equation (3.1.12) and we 
obtain the STI for amputated Green's functions: 

M{V{k) ...$...) = ^ Dl]{p^)M{c{k) . . . (cA$,)(p,) . . . ) (3.1.17) 

3 

In the case of external fermions, one has to distinguish carefully between par- 
ticles and antiparticles, the correct expressions are given in equation (C.1.3). 
If the external particles (except the unphysical gauge boson) are on shell, the 
inverse propagators vanish and we obtain again (3.1.5). Note that already at 
tree level we need the complete ghost Lagrangian to evaluate the contact terms 
(3.1.15). 

As we have seen in equation (3.1.8), in the case of external gauge bosons 
the STI gets additional contributions from the term oc Sj^Ca in the BRS trans- 
formation of the gauge bosons. The amputation of these terms has been done 
already in [54] and is reviewed briefly in appendix C.1.4. 

Compared to the STI without off-shell gauge bosons (3.1.17) we get an ad- 
ditional contribution for every gauge boson^: 

MiVaik) . . . Wbipb) . . . ) = -'-p''tM{Ca{p)ci,{pb) ...) 

+ f^'"^D^^{pb)M'' {ca{k) . . . {cdWc){k) . ..) + remaining contact terms 

(3.1.18) 

Here we have to use the inverse propagator of the gauge boson in gauge. If 
the matrix elements are contracted with a physical polarization vector of the 
gauge boson Wo, satisfying 

ea • Pa = (3.1.19) 

Going from Green's functions to amputated matrix elements, (incoming) ghosts and 
antighosts have to be exchanged since ghost field operators create incoming antighosts and 
vice versa. 
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the additional term in the STI proportional to p'^ drops out. Also the gauge 
dependent terms in the inverse gauge boson propagator vanish upon contraction 
with Co and we can use the simpler STI (3.1.17) taking 

(Dw] iPj)) = - ^w)9^-^ (3-1-20) 

V / JUL/ 

as the inverse W propagator. 

In appendix C.2 we clarify the meaning of the STI (3.1.17) in unitarity gauge. 
Taking the limit ^ ^ oo after the amputation of the external legs, we find that 
Goldstone bosons have to be treated as external, nonpropagating particles. The 
ghosts decouple from the gauge bosons but a coupling to the scalars remains. 
The ghost Lagrangian is given by 

=Sf#p = -mw^CaCa + gt^^CaHiCb + 9illCa(l)bCc (3.1.21) 

that results in a constant ghost propagator. The ghost vertices in unitarity 
gauge can be obtained from those in i?j gauge by 

9^^o = -J^9^L (3-1-22) 

It is well known that the Higgs-ghost coupling in the above form has to be used 
in loop diagrams in unitarity gauge (sec [59] for a review) , but the correct use of 
the STIs and the form of the Goldstone boson coupling has not been discussed 
in the literature to my knowledge. 



3.2 Zinn-Justin equation 

The STIs for (amputated) Green's functions studied in the previous section 
are the relevant objects for numerical checks of gauge invariance of scattering 
amplitudes. From the point of view of (algebraic) renormalization theory [44], 
the natural object to study is the effective action F, the generating functional of 
the irreducible vertices. It is connected to the generating functional of connected 
Green's functions by a Legendre transformation, as is described in standard 
quantum field theory text books (see e.g. [38-43]). 

The symmetry of the effective action leads to the so called Zinn-Justin equa- 
tion [50] that implies the STIs for the irreducible vertices. As we will discuss in 
chapter 4, the STIs of the Green's functions are a consequence of the STIs for the 
irreducible vertices so one might regard the ZJ-equation as more fundamental 
than the remaining identities. 

In this section we will give a brief review of the formalism of the effective 
action and the ZJ-equation before we turn to the STIs for effective vertices in 
section 3.3. 

To establish the notation we will first recall some properties of the effective 
action. We will use the definition 

ipi 



ipi 



iF($c;) = (o|t p''*^S**(^)*ci(x) 

£^ / I n^^a;,- j $e;(a;i)...$c;(a;n)(0|T[$(ari)...$(a;„)]|0) 



n=0 •' \j=0 



(3.2.1) 
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for a set of quantum fields $ and the corresponding classical fields $c/ that act 
as sources for the quantum fields. It can be shown that on tree level the effective 
action agrees with the classical action, i.e. 

r = S* + loop corrections (3.2.2) 

The one particle irreducible vertices can be obtained by taking functional deriva- 
tives with respect to the classical fields: 

i(5" 

T{^ci) = T^r-^„{xi...x„) (3.2.3) 



= (0|T[$(a;i)...$(a;„)]|0)^" 

One can show that the irreducible two point function is the inverse of the prop- 
agator: 

' 5<,J)k.iy) = = ^'-'-'^ 

This relation will be essential in relating the STIs for Green's functions and the 
STIs for irreducible vertices. 

Since the BRS transformations are nonlinear, the form (2.2.5) of the STI for 
the effective action cannot be used on the quantum level because operators non- 
linear in the fields require additional rcnormalization. The correct way to handle 
these nonlinear operators is to add sources "if* for the BRS transformations of 
the fields to the action So ■ 

S = So + J d^xTr[W*^{6BnsW^)] + r{5Bns^) + {Sbrs^W 

+ r (^BRS</') + H*{6BRsH+)Tr[c*{6BKsc)] (3.2.5) 

The invariance of the action under BRS transformations is now expressed by 
the equation^ 



E 



/d^x^^ + TtS^=0 (3.2.6) 
J 6^* 6c ^ ' 



Here the sum runs over physical and unphysical fields. 

As in the case of QED, in anomaly free theories the effective action satisfies 
the same equation, called the Zinn-Justin equation: 

The gauge fixing condition is implemented by choosing a gauge fixing function 
Ga and demanding 

^ = + Ga (3.2.8) 

^The compact notation has to be used with care in the case of fermions, because here the 
order of the two factors is reversed: 

^lS SjjS ^ 5lS SgS 
Sip* dip 6ip dip* 
In the following this will always be understood. 
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This equation can be implemented to all orders of perturbation theory [41, 44]. 
We will always use a linear i?j gauge with the gauge fixing function as given in 
equation (A. 2. 5). This leads to the equation of motion (3.1.4) for the Nakanishi- 
Lautrup field. 

The ZJ-equation (3.2.7) can be also written a little bit more intuitively as 
J2 [ (**(a;))^^j_^. (*(a;))* j,** + B^{x) (c„(a;))^" = (3.2.9) 

where we have introduced the notation 

(C»(*))^" = (o T \0{<i)ei d'^S* *(^)*ci oV" (3.2.10) 



to denote the generating functional of irreducible vertices with the insertion of 
a composite operator 0{^). The notation 

C»(*) • r 

for the same object is more common in the literature [44] but less intuitive. A 
simplification of (3.2.7) can be obtained if one defines an effective action without 
the gauge fixing term (see e.g. [41, 44]). This is very convenient in the analysis 
of the renormalizability of the effective action, however, calculation of Feynman 
diagrams becomes awkward because of the missing gauge fixing so we won't use 
this simplified ZJ-equation in this work. 



3.3 STI for physical vertices 

We now use the ZJ-equation to derive the STIs of the physical vertices of the 
theory. This is usually done in the context of loop calculations, where one can 
formulate an algorithm [60] that consists of an iterative application of the STIs 
until a closed set is found that constrains all occurring vertex functions. Since 
we are mainly interested in tree level applications, we will only sketch the first 
step of the procedure of [60]. To obtain STIs for physical vertex functions, one 
has to differentiate the ZJ-equation (3.2.7) with respect to classical fields. The 
BRS transformation of the physical fields increases the ghost number by one, so 
we have to differentiate equation (3.2.7) with respect to a ghost field to obtain 
relations among non- vanishing vertex functions. To derive the STI for the three 
point vertex, we take the derivative; of equation (3.2.7) with respect to two fields 
$ and one ghost field and set the classical fields and sources to zero: 



, IPI 



= ^y d''x}^{ca{yW{x)f''' (M/(x)<i>i(xi)$2(x2))^ 

■(c„(y)**(a;)$i(a;i))^" (*(a;)$2(a;2))'" 
5B{x) 



+ 



+ 



{Ca{y)c{x)^2{X2)f^^ + (1^2) ) (3.3.1) 



6^i{xi) 



Repeating the procedure with an additional derivative, we can derive the 
relation for the irreducible 4 point function: 
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= ^y d4x|(CaVl/*(x))lP^ (*(x)<I>i$2*3) 



IPI 



+ (c„**(a;)$i$2)'" (*(a;)$3)'" + (c„c(ar)$2$3)'"| + permutations 

(3.3.2) 

The generalization to higher order vertex functions is obvious but increasingly 
tedious to write down. 

These STIs arc the analogs of their counterparts for Green's functions with 
the insertions of the Nakanishi-Lautrup field B (3.1.5). To see this, we note 
that the vertex {ca{y)'^* (x))^^^ is only present for gauge bosons and Goldstone 
bosons since only those fields have inhomogeneous terms in the transformation 
laws: 

^BRsWa = d^Ca + . . . SBnS<Pa = -mw^Ca + ■ ■ ■ (3.3.3) 

Since these terms are linear in the fields, they don't receive additional radiative 
corrections and we get to all orders 



F.T.^ / d'x{ca{y)^*{x))''''{^{x)...) 



IPI 



= -ip^ {W^{p) . . .)^" - mw^ (Mp) ■ ■ = iKiP) ■ ■ (3-3.4) 

Here we have again used the abbreviation V from (3.1.13). These terms just 
correspond to an (amputated) insertion of the Nakanishi-Lautrup field B, al- 
though they arise from the BRS transformations of W and ^ and not from the 
transformation of an antighost as in the case of the STIs for Green's functions. 

3.3.1 Graphical notation 

To illustrate the STIs equation (3.3.1) and equation (3.3.2), we introduce the 
following graphical notation; 

T^^{x,y) = -D-\x-y)= x VWW y 

(3.3.5) 

{Ca{y)^*{x)^l{xi) . . .<^n{Xn))'''' 



In this notation the STI for the 3 point function equation (3.3.1) becomes 




+ (3.3.6) 
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Wc have not displayed the term oc |^ whose significance will be discussed in 
section 3.3.2. The STI for the 4 point function equation (3.3.2) is written as 






Using this graphical representation one must keep in mind that these are not 
Fcynman diagrams: an internal line represents a summation over all particles, 
not a propagator connecting the irreducible vertices. 

For later use, we also display the STIs for amputated Green's functions 
equation (3.1.17) in this graphical notation 




E 




(3.3.7) 



3.3.2 Tree level 

On tree level the content of the STIs of the irreducible vertices is more intuitive, 
since the vertex functions with the insertions of sources of the BRS transformed 
fields can be read from the BRS transformation laws given in equation (A. 2.1). 
This follows from the identity 



Tree level 



(3.3.6 



If we write the BRS transformation of the fields (apart from the inhomogeneous 
terms) schematically as 

^BRS^i = CaT^^^j (3.3.9) 

we can simplify the terms appearing in the STIs: 



, iPi 



F.T J d'x {ca{ym{x)^j{^j))''''{Mx)...y 

= F.T ($,(a;,) . . . ))^" S{y - xj)) = {^,{p + kj) . . .)^" (3.3.10) 
Therefore the STI for the three point function (3.3.1) becomes 



ipi 



= + fc,)^.(fc.))'" + T^j {Mki)MP + fc.))'" (3.3.11) 
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(3.3.12) 



i i i 



For vertices involving gauge or Goldstone bosons we get additional contri- 
butions from the term in the ZJ-equation. Using the equation of motion 
of the Nakanishi-Lautrup field (3.1.4) we find that the STI for 3 point fimctions 
with two gauge bosons and one arbitrary physical field is modified to 

+ {W^{pb)^k{Pa + fc.))'" + i^P^ {Ca{Pa)Cb{Pb)Mki))'''' (3.3.13) 

The graphical representation of this identity is 



+ 



+ 



(3.3.14) 

Similarly, the vertex function of one gauge boson, one Goldstone boson and one 
physical field satisfies 

- Pa(Pa)0b(p6)*.(fc.))'" - T^b {'^k{Pa+Pb)Mk^))^''' 

+ n^ {^b{Pb)'^k{Pa + h))^^^ + m.w„ {Ca{Pa)cb{Pb)'^^{k^))^^^ (3.3.15) 

If we replace the physical field $i by a gauge- or Goldstone boson, we have to 
add another ghost term of the same form as above. 

In the STI for the 4 point function equation (3.3.2) the terms involving the 
BRS vertices {ca{y)5-BKS^{x)'^i {xi)^2{x2)) vanish on tree level and no ghost 
terms appear for a linear gauge fixing. Thus this equation simplifies to 



- {Va{p)'^^{ki)<^J{k,)<^k{kk)Y''' = r« ($i(P + fc,)$,(fc,)$fe(fcfe))^P^ 

+ Tt^ {^i{h)^i{p + kj)^k{kk)f^^ + Til {Mki)'^j{kj)MP + fcfc))'" (3-3.16) 

We see that these STIs indeed arc very similar to the STIs for amputated Green's 
functions (3.1.17). In the graphical notation of appendix A. 3 the terms on the 
right hand side of equation (3.3.16) can be written as 

.1 



IPI 



i-oi^ 



(3.3.17) 
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so the graphical representation of the STI for the 4 point function is given by 



(3.3.18) 



In a renormalizable theory there is no 5 point vertex on tree level, so taking 4 
derivatives of equation (3.2.7) with respect to physical fields we get 








+ 




+ 




+ 




(3.3.19) 



3.4 STI for vertices with several contractions 



For the reconstruction of the Feynman rules of a spontaneously broken gauge 
theory in part II wc will need the Ward Identity (3.1.14) with up to 4 con- 
tractions. The derivation of this identities from the STI equation (3.1.9) it is 
rather straightforward. One would expect that a similar identity for irreducible 
vertices can be derived from the ZJ-equation but to my knowledge this hasn't 
been done in the literature yet. 

Such an identity cannot be derived in the same way as the STIs with one 
contraction, since the dependence of the vertices on B is at most linear. Formally 
this can be seen from the gauge-fixing condition (3.2.8) that implies, taking two 
derivatives with respect to B: 

Therefore we cannot derive STIs with more than one contracted gauge boson 
by taking derivatives with respect to B. Also derivations of the the ZJ-equation 
(3.2.7) with respect to BRS-sourccs cannot be used in this context since this 
leads to no relations involving physical vertices. 

To arrive at the desired identity for vertices with two contractions, we make 
use of a trick similar to that used in the derivation of ordinary STIs in the 
formalism of BRS transformations without the Nakanishi-Lautrup field B [41, 
61] and act on equation (3.2.7) with the operator 



This gives 



{Va{x)B,{x)) {cbfZ,^* + B{x) {Va{paW^' (3.4.3) 

The first term of equation (3.4.3) where the operator T) is inserted into a BRS- 
vertex appears because of the nonlinearity of the ZJ-equation (3.2.7). In a 
similar way, we can obtain relations for vertices with 3 or 4 contractions by 
hitting (3.4.3) again with the operator V. 



1 IPI 
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3.4.1 3 point function 

We now derive the STI for 3 point vertices with 2 unphysical gauge bosons. 
Taking the derivative of (3.4.3) with respect to a ghost field c and an arbitrary 
field $ and setting classical fields and BRS-sources to zero yields 



(C6(P6)©a(Pa)$*(p))'"($(p)$(fc))'''' 



(3.4.4) 



Here we have omitted some steps that are given in detail in appendix C.3. 

Proceeding in the same way as in section 3.3.2 we can now obtain tree level 
identities for the irreducible vertices. For the three point function with no 
additional gauge or vector boson we obtain 

= ir"W {WnPa+PbMk))'''' + mwjl {^iipa +P6)$(fc))^" (3.4.5) 

Note that the last line arises from the insertion of the operator T> into a BRS 
vertex and therefore this identity cannot be obtained from STIs with one con- 
traction. At tree level the first term of the right hand side will only be present for 
<b = W while the second term will be present for particles that are connected 
to the Goldstone bosons by gauge transformations (i.e. Higgs or Goldstone 
bosons). 

We introduce the following graphical representation for equation (3.4.5): 



(3.4.6) 



For the three gauge boson vertex the ghost term in equation (3.4.5) gives an 
additional contribution to the STI 



{Va{pa)'Db{pb)Wcu{j>c))) 



IPI 



■ir''Paf.{WI^{Pa+Pb)WM) 



IPI 



i^Pci. {'Da{Pa)Cc{Pc)Cb{Pb)) 



IPI 



that can be written diagrammatically as 



(3.4.7) 




+ 



(3.4.8) 



The identity for the 2 gauge boson-Goldstone boson vertex becomes 

{Va{pa)Vb{pb)<t>c{Pc)))^''^ 

= mWaTda {MPa + Pb)4>c{Pc))^^^ - {'I^a{Pa)Cc{Pc)Cb{Pb))^^^ (3.4.9) 
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3.4.2 4 point function 

To derive the STI for 4 point vertices with 2 unphysical gauge bosons, we take 
the derivative of (3.4.3) with respect to a ghost field c and two arbitrary fields 
Setting classical fields and BRS-sources to zero we get 



(3.4.10) 



+ (C6(pb)$*(p)«'(fci))'" {vMmm))'''' j) 



IPI 



On tree level this gives 



cab^ 



, IPI 



+ mw^Ua {^kiPa +Pb)Mki)^j{kj))'''' - {Va{Pa)^k{Pb + h)^,{k,)) 

- Tfe^ {Va{Pa)^i{ki)^k{Pb + fc,))'" (3.4.11) 

Here the last two terms arc similar to the structure of the STI with one mo- 
mentum contraction equation (3.3.16) while the first two terms of the rhs arises 
from the insertion of the operator T> into a BRS vertex. 
The graphical representation of equation (3.4.11) is 



, IPI 



Chapter 4 



Diagrammatical analysis of 
STIs 



In chapter 3 we have reviewed the STIs for Green's functions and for irreducible 
vertices that are both consequences of BRS symmetry but were derived using 
different formalisms. On a formal level, the equivalence of the STIs for those 
different objects follows from the fact that the generating functional of con- 
nected Green's functions and the effective action are Legendre transforms of 
one another. Both for the reconstruction of the Feynman rules from the Ward 
Identities and for the question of the correct definition of the gauge flips, a more 
explicit understanding of this c;onncction seems desirable. We will provide a di- 
agrammatic analysis of these subjects in this chapter. After the groundbreaking 
work of 't Hooft and Veltman [47] , diagrammatic methods have been somewhat 
superseded by algebraic and operator methods [44, 49] but they are — almost by 
definition — indispensable for the discussion of gauge invariance classes of Feyn- 
man diagrams. Furthermore, since practical calculations in perturbation theory 
are done using Feynman diagrams, a diagrammatic understanding of the STIs 
is useful to see 'how things really work'. 

For later use in the reconstruction of the Feynman rules, in section 4.1 we 
analyze the connection between the on-shell Ward Identities of the 4 point func- 
tions and the STIs of irreducible vertices, both for the STIs with one contraction 
and the identities with several contractions derived in section 3.4. 

We will then turn to the gauge parameter independence of physical matrix 
elements in section 4.2. We show on tree level that the Ward Identities of 
subamplitudes imply the gauge parameter independence of physical scattering 
amplitudes. 

In section 4.3 we discuss the STIs of general Green's functions and the ap- 
pearance of gauge invariant subsets of Feynman diagrams. We will establish a 
connection to the formalism of gauge flips [15] reviewed in section 2.4 and pro- 
vide a precise definition of gauge flips that is applied to spontaneously broken 
gauge theories in section 8.1.2. This proof has already appeared in less detailed 
form in [18] for the case of Green's functions where the external legs are not 
amputated. 
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4.1 4 point functions 

As discussed in section 2.3, our aim is to check the validity of the Feynman rules 
from a finite set of Ward Identities for on shell amplitudes. It is known from 
algebraic renormalization theory [44] that the STIs of the irreducible vertices 
determine the form of the action. The generating functionals of connected 
Green's functions and of the irreducible vertices are connected by a Legendre 
transformation. This suggests that at tree level in a renormalizable theory the 
STIs for 4 point Green's functions are sufficient to chock the Feynman rules of 
the theory. However, this argument doesn't show that the Ward Identities for 
on shell Green's functions are sufficient for the reconstruction of the Feynman 
rules. To sec if this can be achieved nevertheless, we analyze the connection 
between the STIs of the irreducible vertices and the Ward Identities in this 
section. 



4.1.1 Ward Identities 

We use the skeleton series to express Green's functions in terms of irreducible 
vertices. The 3 point vertex function is just the amputated 3 point Green's 
function: 

= M{MPi)^jiPj)^kiPk)) (4.1.1) 

The skeleton series expresses the amputated 4 point Green's function in 
terms of vertex functions and propagators (see figure 4.1): 



(4.1.2) 




Figure 4.1: Skeleton series 



Using the skeleton series for the 4 point function and assuming that the STI 
for the 3 point vertex (3.3.11) is satisfied we can now show that the STI for the 
4 point vertex implies the Ward Identity for the 4 point Green's function and 
vice versa. 

If (at least) one of the fields in the Green's function is a gauge boson, we can 
contract it with the momentum vector and add the corresponding Goldstone 
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boson diagram so we obtain 

(4.1.3) 

In the next step we simphfy this expression using the STI for the 3 point vertex 
derived in equation (3.3.11). Apart from the ghost terms for internal gauge 
and Goldstonc bosons, the STI (3.3.11) has the same form for aU particles. 
We will show below, that the ghost terms drop out of physical amplitudes and 
concentrate on the generic features first. Neglecting the ghost terms, we can 
use (3.3.11) to simplify the terms with particle exchange in equation (4.1.3) to: 

= {nDl]{p, +Pa)+TSD^^{p,))D^,(p,+Pa) (<5,<f>j$fc)'" 

= T,1 + D^!{Pi)D'h.iP^+Pa)TS ($i$,$fe)'" (4.1.4) 

If all external particles (with the possible exception of Wa) are on-shell, we have 
D^^ (pj ) =0 and therefore we get for the amplitude 

+ Ti-i{^l{pi+Pa)^j{pj)^k{Pk))''''+Tt, {MpMPJ +Pa)$fe(Pfc))'" 

+ T,X {MPi)^j{Pj)^k{Pk +Pa))'" (4.1.5) 

This is just the STI for the 4 point function, as given in equation (3.3.16). 

For internal gauge bosons we have to take the ghost terms from equa- 
tion (3.3.13) into account. This gives additional terms compared to equa- 
tion (4.1.4) that can be shown to vanish if the external particles are on-shell, 
using the Ward Identities for the 3 point functions: 

{Ca^lCb)''''ptDw,^iPa+P^) (M^fc$j$fe)'" 

= - (fia$/C5>'"^c,(Pa +Pz) (I?6$, '''' = (4.1.6) 

Here we have used the relation (3.1.12) to express the internal propagators in 
terms of the ghost propagator. Note that the internal gauge boson has to be 
regarded as outgoing at one and as incoming at the other vertex. 
Therefore we have proven the following theorem: 

Theorem 4.1. The STIs for the three point and four vertices (3.3.11) and 
(3.3.16) imply the Ward Identity for the 4 point function (2.2.14); 

/ - (P„(p)<I>,$,)i^^ ]and( ' {Va{p)<P.'f,<i>k)'" \ 

M(Pa(p)$i^i$fc) =0 

(4.1.7a) 
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Conversely, the three particle STI (3.3.11) and the Ward Identity (2.2.14) for 
the 4 point Green's function imply the STI (3.3.16) for the 4 point vertex: 

A4(P„(p)$i$,$fc) = and ^ V , 

\ = -niD-\k,)-np-\k.)) ^^^^^ 



{Va{p)<pi<^j<^k)'" = n {^i{p+ki)^j^k?" - 



□ 



4.1.2 Slavnov Taylor Identity 

Theorem 4.1 is the main result that is relevant for the discussion of the re- 
construction of the Feynman rules in part II. But — as a preparation of the 
discussion of gauge invariance classes in section 4.3 — we can also show that a 
more general result is true and the STIs of the 3 and 4 point vertices imply 
also the STIs of the 4 point Green's functions. To show this, it is more conve- 
nient to use the graphical notation introduced in section 3.3.2. Our treatment 
is a generalization of the graphical discussion of the qq — > gg amplitude in [42] 
to general four point functions with off shell particles in spontaneously broken 
gauge theories. 

An important diagrammatic identity is the graphical expression of the fact 
that the irreducible 2 point function is the inverse propagator (3.2.4): 




(4.1.8) 



If we use this together with the STI for the 3 point vertex (3.3.12) we get for 
an s-channel exchange diagram (the ghost terms in the STIs equation (3.3.13) 
and (3.3.15) lead to contact terms only and don't involve cancellations with the 
4 point vertex. They will be discussed in the sequel.): 




(4.1.9) 



The same manipulations can be done in the s and u channel diagrams. Using 
the skeleton expansion from figure 4.1 and the STI (3.3.18) we see that the first 
term cancels against a term from the STI for the 4-particle vertex. The same 
happens for the remaining diagrams and therefore we obtain an STI for the 
amplitude: 




(4.1.10) 
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Comparing with the structure of the contact terms of the STI sketched in equa- 
tion (3.1.16) we see that the terms on the right hand side are the contact terms 
of the STI (3.3.7) that arise if the ghosts are connected to the rest of the diagram 
only by a BRS-vertex. The remaining contact terms will arise if we consider 
internal gauge bosons. 

Next, we turn to the case of external gauge bosons. For every external gauge 
boson, we get an additional term from the ghost contribution to the STI of the 
three point vertex (3.3.14). The s-channel exchange diagram considered above 
now becomes: 





+ 




+ ■ 




(4.1.11) 



The additional terms are the same ones that appear in the STI for amputated 
Green's functions (3.1.18). 

In the case of internal gauge bosons we also have to consider the correspond- 
ing diagrams with internal Goldstone bosons to cancel the ghost diagrams of 
the STI (3.3.14). The diagram with an internal gauge boson gives 





+ 




(4.1.12) 



Here the internal ghost line in the last diagram has to be understood as ampu- 
tated, no ghost propagator appears. 

Similarly, the corresponding Goldstone boson diagram is 



I 



V 



+ 



mw 



(4.1.13) 

The additional contributions from both diagrams can be simplified using the 
STI (3.1.5): 



— mw 



I 

♦ 



.A 



+ 



(4.1.14) 

This manipulation is the graphical representation of (4.1.6) for the case of ex- 
ternal off-shell particles. We see that the diagrams that arise because of the 
ghost terms in the STIs for the gauge bosons, are exactly the contributions of 
the interactions from the ghost-Lagrangian to the contact terms (compare with 
equation (3.1.16)). The first diagram on the right hand side together with a 
diagram from the s-channel and from the u channel gives a contact term of the 
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STI: 




(4.1.15) 



Similarly, the remaining terms of equation (4.1.10) and equation (4.1.14) 
and the corresponding s- and u-channel diagrams add up to contact terms so 
altogether we have derived the STI: 





+ 




+ 




(4.1.16) 



4.1.3 Green's function with 2 unphysical gauge bosons 

A similar analysis can be performed for the STI with 2 unphysical gauge bosons. 
We can show that the STIs for the three and four point vertices with one and 
two contractions imply the STI for the Green's function with two contractions. 

The corresponding STI for the Green's function with 2 contractions is (see 
equation (3.1.9)) 





+ 




(4.1.17) 



The t channel diagram in the skeleton expansion of the 4 point function (fig- 
ure 4.1) can be treated similarly to the case with one unphysical gauge boson: 

+ ♦ (4.1.18) 

The first term cancels a term from the STI for the 4 point vertex (3.4.12) 
while the other terms contribute to the contact terms on the right hand side of 
equation (4.1.17). The last term arises from the ghost terms in the STIs for the 
gauge and Goldstonc boson vertices that can be treated like in equation (4.1.14), 
this time using the STI with 2 contractions (3.4.6): 





T 



A 



(4.1.19) 



The result for the w-channel diagram is similar. 
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The ,s-channcl diagram has a different structure. Using the STI for the 3 
point vertex with two contractions (3.4.6) we find 




(4.1.20) 

The first diagram cancels the remaining term from the STI of the 4 point vertex 
(3.4.12). Like in equation (4.1.14), the other diagrams arise from the ghost 
terms in the STIs for gauge and Goldstone bosons (3.4.8) and contribute to the 
contact terms . Thus we have derived the STI (4.1.17) from the STIs for the 3 
and 4 point vertices with two contractions. 

Like in section 4.1.1, for external on-shell particles we obtain the following 
result: 

Theorem 4.2. The Ward Identities for the 4 point Green's functions with two 
unphysical gauge bosons and the STIs for three point vertices with one and 
two unphysical gauge bosons imply the STIs for four point vertices with two 
unphysical gauge bosons □ 



4.2 Gauge parameter independence 

We will now show on tree level, that the gauge parameter independence of 
physical amplitudes is a consequence of the Ward Identities of the theory. 

To obtain gauge parameter independent amplitudes, the ^ dependence of 
the propagators must cancel among the gauge boson and the Goldstone boson 
exchange diagrams. To see how this works, we note that the gauge boson 
propagator in R^ gauge can be written as the propagator in unitarity gauge plus 
a term proportional to the Goldstone boson propagator (see equation (A. 2. 11)): 



^■^W (l) ~ ~9 2~ S^'^ 2~ ) "I 2 9 ? 2~ 



ii)(VV-5-(i^^) (4-2.1) 



mw 

If we consider a gauge boson that is exchanged between two subamplitudes 
together with the corresponding Goldstone boson, we see that the gauge pa- 
rameter dependence cancels between the unphysical part of the gauge boson 
propagator and the Goldstone boson propagator if the subamplitudes satisfy 
the Ward Identity (2.2.14): 




However, in general we cannot decompose an scattering matrix element into a 
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(4.2.3) 



The trouble causing the inequahty comes from the double counting of diagrams. 
Consider a 5 point amplitude // ffW as an example. The grove Gg from 
equation (2.4.3) cannot be factorized into subamplitudes: 



Gs^ 




(4.2.4) 



because the diagram 




(4.2.5) 



contributes to both subamplitudes and would thus be double-counted. 

Therefore wc cannot just use the result from section 2.2.4 directly. This 
problem can be avoided if we consider an infinitesimal change in the gauge 
parameter 

^ = ^0 + 6^ 

and work to first order in S(_. This is sufficient, since finite changes of ^ can be 
generated by successive infinitesimal transformations. 

Under an infinitesimal variation of (, , the gauge boson propagator changes 
as (see equation (4.2.1)) 

D'wAl) = Dw,ioil) - g"g'^ (g2_g|,^2^)2 ('^0+g('^^) (4.2.6) 
We will represent this decomposition graphically as 



Similarly the Goldstone boson propagator becomes 

^« = i)«o + m'wj^T—^^^ + 0{S') (4.2.8) 

Inserting the decomposition (4.2.7) into the diagram (4.2.5) we get two contri- 
butions linear in J^: 
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Therefore wc can factorize the contributions hnear in S^: 




(4.2.10) 



Using the Ward Identities for the subampUtudes we now see that the gauge 
parameter dependence of the grove Gg vanishes. 

The terms linear in 5^ of general amplitudes can be factorized in a similar 
way: 




(4.2.11) 



Double counting doesn't occur for the diagrams linear in 6(^. To sec this, we 
regard the unphysical propagators as new 'particles' with the appropriate Feyn- 
man rules. The 0{5) contribution to the Green's function consists of Fcynman 
diagrams where the new particle appears exactly once. Therefore no double 
counting can occur and the decomposition given in equation (4.2.11) is unique. 

The same reasoning can be applied to the variation of the Goldstone boson 
propagator. 

We have just shown that the linear variation of the gauge parameter leads 
us to the situation already discussed in equation (4.2.2): in the terms linear 
in 5^, the propagators connect complete subamplitudes that satisfy the Ward 
Identities. As in equation (4.2.2), the contributions from the gauge bosons 
and the Goldstone bosons cancel and we find that the derivative of a physical 
amplitude with respect to ^ vanishes: 



di —{ ^ )—=0 (4.2.12) 



Note that only the Ward Identities with one unphysical gauge boson (2.2.14) 
were needed in this argument. 

Nevertheless, the Ward Identities with more unphysical gauge bosons are 
needed for the consistency of the theory since they assure that the Ward Iden- 
tities themselves are independent of the gauge parameter: 




(4.2.13) 
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If the external particles are ofF-shell, we have to use the STIs instead of the 
Ward Identities and the Green's functions become ^ dependent. The form of 
the additional off-shell terms can be obtained by considering changes in the 
gauge fixing functional and use of the STIs [41, 42]. Similarly, the effective 
action is gauge dependent and the explicit form is determined by the so called 
Nielsen Identity [63]. The extension of our graphical approach to these issues 
would be interesting but is beyond the scope of the present work. 

4.3 Gauge invariance classes 

In section 4.1 wc have derived the STI for the 4 point function from the STI 
of the irreducible vertices, using a diagrammatic approach. In this section, we 
will extend this discussion to Green's functions with more external particles 
and to establish a connection with the formalism of gauge flips [15] reviewed in 
section 2.4. 

The aim of this discussion is obtain a definition of the gauge flips that covers 

also the case of spontaneously broken gauge theories. Our approach might also 
be useful for the extensions of groves to loop diagrams [19] and to supersym- 
metric theories, using the results of [6, 7]. 

4.3.1 Definition of gauge invariance classes 

It appears natural to define a gauge invariance class of Feynman diagrams in 

the following way: 

Definition 4.1. A gauge invariance class is a subset of Feynman diagrams that 
is independent of the gauge parameter and satisfies the STIs. 

To use this definition, we have to introduce a notion of a subset of diagrams 
satisfying a STI. The meaning of this is not clear a priori, since we don't know 
what contact terms have to appear on the right hand side of the STI (3.3.7) if 
we select a subset of diagrams on the left hand side. 

To motivate our definition for the STIs for subsets of Feynman diagrams, we 
first consider the 5 point functions where we have discussed the groves already 
in section 2.4.2. We begin with the amplitude for qq — > qqg. The STI for this 5 
point function is 




(4.3.1) 



Since the fermions don't couple to ghosts, the contact terms on the right hand 
side can only consist of diagrams where the ghost is connected to the BRS- 
transformation only or interacts with the internal scalar or gauge boson: 




(4.3.2) 
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Comparing the contact terms (4.3.2) to the diagrams contributing to the 
grove (2.4.3), we can define the contact terms corresponding to a grove as those 
diagrams obtained by replacing the external gauge boson by a ghost and one 
external particle by an inverse propagator connected to a BRS-transformation. 

We will introduce a mapping ^ that maps every Feynman diagram to the 
corresponding contact term. Note that this is a purely formal mapping and in 
general it is not true that a contraction of a gauge boson in the original diagram 
results in the contact terms generated by this mapping. 

Definition 4.2. The action of on a diagram with the insertion of a gauge 
boson into a external line is given by 




(4.3.3a) 



The action of ^ on diagrams with a insertion of a gauge boson into an internal 
gauge boson line is defined as follows: also the internal gauge bosons have to 
be replaced by a ghost until the external particles are reached. In this case, one 
original diagram can correspond to more than one contact term: 




(4.3.3b) 



By continuation, the same rule applies to larger diagrams where gauge bosons 
lines, connecting the external gauge boson to the BRS transformed particle, have 
to be replaced by ghost lines. In this process the Feynman rules of the ghosts 
must of course be taken into account, i.e. diagrams not allowed by the Feynman 
rules have to be omitted. 

In this way we can associate to every Feynman diagram some contact dia- 
grams. Conversely, replacing a ghost line by a gauge boson line and the inverse 
propagator by an external particle, we can associate a Feynman diagram to 
every contact term. 

Since (in a linear R^ gauge) to every Feynman rule of the ghosts corresponds 
a Feynman rule of the gauge bosons, the contact terms generated in that way 
from the complete set of Feynman diagrams must indeed be all the contact 
terms required by the STL 

Therefore it is sensible to define: 

Definition 4.3. A subset of diagrams satisfies a STI if the contact terms ob- 
tained by the mapping ^ agree with the result of contracting an external gauge 
boson. 

This makes it possible to use definition 4-1 for the gauge invariance classes. 
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4.3.2 Definition of gauge flips 

We will see below, that we have to define the elementary gauge flips as the 
minimal set of 4 point diagrams with a given set of external particles and at least 
one external gauge boson, satisfying the STL In a generic graphical notation, 
the gauge flips are denoted as: 




(4.3.4) 



The internal particles appearing in these diagrams are determined by the re- 
quirement that the flips are the minimal set of diagrams satisfying the STIs. 
For example, the question if the Higgs bosons in spontaneously broken gauge 
theories have to be included in the gauge flips is discussed in detail in c;hapter 8. 

There is a subtlety that will become important in the discussion of gauge 
flips in spontaneously broken gauge theories in chapter 8. In i?^ gauge also the 
corresponding 4 point functions with some or all external gauge bosons replaced 
by Goldstone bosons appear as subamplitudes in larger diagrams. It may hap- 
pen, that the minimal gauge invariance class for the gauge boson subamplitude 
does not coincide with the minimal gauge invariance class for the Goldstone bo- 
son subamplitude. In this case the gauge flips have to be defined in such a way 
that not only the gauge boson amplitudes but also all corresponding Goldstone 
boson am,plitudes satisfy the STL An example will be discussed in section 8.1.1. 

In the presence of quartic Higgs vertices, we will also need elementary flips 
among 5 point functions: 




4.3.3 ff^ffW 

Before we tiirn to the general 5 point function, we will consider the 5 point 
Green's function with one external gauge boson and 4 fermions. In the example 
of QCD, the groves have been discussed already in section 2.4.2. 

We will show, using the graphical approach, that the grove Gs from equa- 
tion (2.4.3) satisfies the STL The iudcpcuclence of the gauge parameter was 
already established in section 4.2. An insertion of the gauge boson into an 
external fermion line becomes, using the STI for the 3 particle vertex (3.3.12) : 




(4.3.6) 



The second term is the contact term corresponding to the original diagram 
according to the mapping (4.3.3). To satisfy the STI, the first term must cancel 
against contributions from other diagrams. 
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Similarly wc get for the diagram where the gauge boson is inserted into the 
internal Higgs line 



J. 





(4.3.7) 



For any internal gauge boson, we get an additional contribution compared to 
equation (4.3.7) from the ghost term in the STI (3.3.14): 

(4.3.8) 

In this diagrams, the straight internal line can be a gauge or a Higgs boson. The 
additional term gives rise to contact terms of the form of the second term in 
equation (4.3.2) as wc will discuss shortly. Let us first turn to the cancellation 
of the remaining terms. 

Since there is no 4 point vertex involving fermions, the STI for the 4 point 
vertex (3.3.18) implies the relation 




(4.3.9) 






and a similar relation for the other vertex. Adding up all diagrams of the grove 
(2.4.3), all terms except the contact terms cancel because of this identity. We 
see that we need contributions from three diagrams connected by gauge flips to 
get a cancellation because of the STI. 

We still have to discuss the additional terms for internal gauge bosons from 
equation (4.3.8): Like in equation (4.1.14), we can add the corresponding Gold- 
stone boson diagram and use the STI for the three point function: 



(4.3.10) 



This shows that the additional terms are the contact terms of the form of the 
second term in equation (4.3.2) that are generated from the original diagram 
by the mapping In contrast to the simpler case discussed above, this can 
be regarded as a 'second order' cancellation because it involves not only the 
STI for the vertex with the gauge boson insertion but also a STI for a larger 
subamplitude. However, ultimately also the second order cancellations boil 
down to 'first order' ones since the STI of the subamplitude is satisfied because 
of the STIs for the vertices. 

We have thus demonstrated, using the STIs, that the groves in the amplitude 
// ffW, obtained in section 2.4.2 from flavor selection rules, satisfy the STI 
for the 5 point function by themselves. 
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4.3.4 General 5 point amplitudes 

The decomposition of the amplitude into groves gets destroyed for 5 point func- 
tions with external Higgs bosons or several external gauge bosons. This can be 
seen either from the absence of flavor selection rules or the formalism of flips 
sketched in section 2.4. We will now discuss the reasons for this directly from 
the STIs. 

There are some diff'erences compared to the case of external fermions. First, 
since the STI must be satisfied for all external gauge bosons, we have to apply 
the gauge flips to every external gauge boson. 

Furthermore, there is the possibility of quartic vertices, that result in addi- 
tional diagrams: 

(4.3.11) 






This doesn't change our argument of the fermion case, as can be seen using the 
STI for the 4 point vertex (3.3.18): 

+ ^"^^ + /^~~^ ^^^^^^ 

These terms cancel the contributions from the three point vertices (4.3.6) and 
(4.3.7) since they appear with the opposite sign. 

Similarly, the diagrams connected by the 5 point flips (4.3.5) lead only to 
contact terms because of the STI (3.3.19) 

✓ \ / \ / \ 

\' V + >: y + X + ;< (4-3-13) 



If the external particle is a gauge boson, we get additional terms of the form 



> / 

" :< (4.3.14) 



/ N 



as required by the STIs. 

The remaining differences are connected and more serious. We get a con- 
tribution form another topology to the contact terms if the external particles 
couple to ghosts: 

(4.3.15) 
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Since in contrast to fcrmion number the number of gauge bosons and Higgs 
bosons is not conserved, we get additional contributions to the terms of the form 
(4.3.6) for internal gauge bosons: 




(4.3.16) 

Note that these diagrams only appear for particles that couple both to two gauge 
bosons and to ghosts. In a spontaneously broken gauge theory in i?j gauge this 
applies to gauge bosons and Higgs bosons (or more precisely scalar bosons that 
mix with Goldstone bosons under BRS-transformations). 

To proceed further, we need to use a STI for a 4 particle subamplitude. This 
is only possible provided we add additional diagrams that — by definition — can 
be found by applying the elementary gauge flips to the internal gauge boson: 




This brings in t and u channel diagrams and the quartic vertices, so the simple 

structure of the groves is destroyed. Adding these diagrams and the correspond- 
ing Goldstone boson diagrams, we can use the STI for the 4 point function: 




(4.3.18) 



These are some of the contact terms obtained by applying the mapping (4.3.3) to 
the diagrams of equation (4.3.17) and therefore according to our definition — 
together with those of the form (4.3.6) and (4.3.13) the contact terms needed to 
satisfy the STI. Like in equation (4.3.10), this is an example for a 'second order' 
cancellation. Of course now we have to flip the external gauge boson through 
all 4 diagrams in equation (4.3.17) and this will in general result in all diagrams 
of the amplitude. 

4.3.5 A'^ point diagrams 

We are now ready to show that the groves obtained by the gauge flips defined 
as in section 4.3.2 are indeed the minimal gauge invariance classes according to 
definition 4-1- The necessary steps are essentially the same as in the case of the 
general 5 point function in section 4.3.4. 

Let us first turn to the subject of gauge parameter independence. We have 
seen for the 5 point function, that the prescription to apply gauge flips to all 
external and internal gauge bosons of a diagram results in an expression satis- 
fying the STI. We now show, that the flips of the internal gauge bosons lead to 
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the gauge parameter independence of the groves with aU external particles on 
their mass shell: From equation (4.2.11) we know that the parts of the propaga- 
tors linear in 6^ must connect subamplitudes satisfying the Ward Identities to 
obtain gauge parameter independent quantities. We assume it has been shown 
that the — 1 particle diagrams connected by gauge flips satisfy the STI and 
are gauge parameter independent. Therefore applying gauge flips to all internal 
gauge bosons of a A'^-point function ensures its gauge parameter independence. 
This covers also the case of amplitudes without external gauge bosons that is 
thus reduced to the discussion of amplitudes with fewer external particles and 
external gauge bosons. 

In the following we consider the insertion of a gauge boson into a Feynman 
diagram with N — 1 external particles. 

We pick out an arbitrary vertex. For simplicity, we discuss the case of a 
cubic vertex, for quartic vertices no new features appear. According to the 
gauge flips, we have to insert the gauge boson into all three legs of the vertex 
and include a quartic vertex (if allowed by the Feynman rules): 




(4.3.19) 



Here the gray blobs denote a subdiagram, while white blobs continue to mean 
sub amplitudes or subgroves, i.e. sets of diagrams. 

The case of the 'first order' cancellations involving only the STI for three 
and 4 point vertices is straightforward. Neglecting the ghost terms in the STI 
for internal gauge and Goldstone bosons for the moment and repeating the 
steps leading from equation (4.3.6) to equation (4.3.9) or (4.3.12), we flnd that 
everything cancels apart from the terms 






(4.3.20) 
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To cancel these remaining diagrams, wc have to 'zoom' into the blobs, insert 
the external gauge boson at the next vertex and repeat the same procedure for 
the next vertices. This will cancel the terms from equation (4.3.20) but leaves 
new terms of the same form at the next vertices. This process can be iterated, 
until the external particles are reached. The remaining terms are the contact 
terms of the STI for the Green's function with the ghost line going through the 
diagram without interaction: 




(4.3.21) 



Clearly, the procedure discussed above corresponds to gauge-flipping the exter- 
nal gauge boson through the original diagram. 

The 'second order' cancellations because of the ghost terms in the STIs 
for the gauge boson vertices are more complicated. Again, they lead to the 
prescription to flip also all internal gauge bosons and give rise to the contact 
terms where the ghosts interact with the remaining particles. 

Combining the Goldstone and gauge boson diagrams, the diagrams in ques- 
tion look like 



(4.3.22) 



As in the case of the 5 point function in equation (4.3.17), we have to add 
the appropriate diagrams so we can use a STI for the subamplitudes. We will 
proceed by induction and assume that that the N — 1 particle groves satisfy 
the STI (3.3.7) in the sense of definition 4-3- Applying the gauge flips to the 
subamplitude connected to the double line, we can use the STI and obtain: 





(4.3.23) 



These are contact terms in the STI with internal ghost interactions. Of course 
now we have to flip the external gauge boson also through the new diagrams. 

Since by assumption the contact terms of the subamplitude are those gen- 
erated by the formal mapping defined in section 4.3.1, we see that the contact 
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terms are those corresponding to the diagrams 




(4.3.24) 



This shows that for the set of diagrams obtained by applying the gauge flips, the 
contact terms that appear by contracting an external gauge boson are indeed 
the same ones that are assigned to every diagram by the mapping ^ defined in 
section 4.3.1 and therefore the STI is satisfied. This finishes our proof. 

It should be clear, that the sets of diagrams connected by gauge flips are 
indeed the minimal gauge invariance classes since by construction an omission 
of a diagram would lead to an violation of a Ward Identity. 
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Chapter 5 



Lagrangian of a 
spontaneously broken gauge 
theory 

We have seen in the previous part that the gauge invariance of the Lagrangian 
implies the Ward- and Slavnov Taylor identities of the Green's functions and 
irreducible vertices of the theory. We now take the opposite point of view and 
investigate if we can reconstruct a gauge invariant Lagrangian from a given set 
of input parameters by demanding that the Ward Identities are satisfied for a 
finite set of tree level scattering amplitudes. 

Before turning to the proof we must, however, establish a notation for the 
Lagrangian and clarify the relations among the coupling constants in a sponta- 
neously broken gauge theory. In appendix D.l we introduce the general renor- 
malizable Lagrangian that contains the particle spectrum of a spontaneously 
broken gauge theory but without imposing gauge invariance and spontaneous 
symmetry breaking (SSB). We are going to use this Lagrangian to evaluate the 
Ward identities in chapter 6. 

In this chapter we establish the relations among the coupling constants in 
the case of spontaneous symmetry breaking in order to compare with the results 
from the calculation of the Ward identities in chapter 6. 

5.1 Field content and symmetries 
5.1.1 Gauge fields 

We want to parametrize an Lagrangian of a gauge theory with a local symmetry 
group G that is spontaneously broken down to a subgroup H (see eg. [38]). 
Therefore we introduce gauge fields Wa^i that transform under infinitesimal G 
gauge transformations as 

SWai, = —d^^UJa - r'^tObWc^ (5.1.1) 
9a 

Here we allow for different gauge couplings ga to include the possibility of non- 
simple groups G like in the Standard Model. 
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The f"''"' are the structure constants of the Lie algebra of G that satisfy the 
Jacobi Identity 

^abe ^cde _|_ jcae ^bde _|_ ^ade ^bce q (5 12) 

We work in a representation in which the structure constants are totally anti- 
symmetric. 

5.1.2 Scalar fields 

To describe spontaneous symmetry breaking we introduce a multiplet of real- 
valued scalar fields containing Higgs bosons H and Goldstone bosons (p: 



DA = 



(5.1.3) 



transforming under a (in general reducible) representation of the symmetry 
group 

5^A = '^aT%B^B (5.1.4) 

This parametrization is no restriction on the scalar sector because we can always 
split complex fields into real and imaginary parts and we can always combine 
several irreducible representations into one reducible representation. 

According to Goldstone's Theorem [64] there is a massless Goldstone boson 
for every broken generator of the symmetry. Therefore the indices of the Gold- 
stone bosons run over the broken generators and we will also use greek letters 
from the beginning of the alphabet for gauge bosons corresponding to broken 
generators. 

We choose to collect physical scalars that are not connected to the mech- 
anism of spontaneous symmetry breaking (like scalar partners of fermions in 
supersymmetric theories) also in Hi without introducing a separate notation. It 
will be understood that the vacuum expectation value of these scalars vanishes 
and they don't mix with the Goldstone bosons. 

We don't consider the possibility of dynamical symmetry breaking (see e.g. 
[38]) without fundamental Higgs fields. The description of dynamical symmetry 
breaking in terms of an effective Lagrangian without reference to the details 
of the underlying dynamics requires the introduction of nonlinearly realized 
symmetries [65-67] that leads to nonrenormalizable interactions. It would be 
interesting to extend the present discussion to that case but this is beyond the 
scope of this work. 

Since the split in Higgs and Goldstone bosons in equation (5.1.3) has to 
be sensible we demand that the vacuum expectation value of is in the Higgs 
direction: 

(0|</)^10)^</.0A= (5.1.5) 

The generators T^^ (that are chosen as real antisymmetric matrices) satisfy the 
Lie algebra 

We follow Llewellyn-Smith [10] and split the generators in sub-matrices: 
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The component form of equation (5.1.6) is given by 

[r , t''] - K, [uY] = r^^t" (5.1.8a) 
[e, it^] + r''] = r^^u" (5.1.8b) 

[T", T*"] - [(u")^, v}'] = f'^^T^ (5.1.8c) 
so neither the T^■ nor the form a subalgebra by themselves. 

5.1.3 Fermions 

As matter fields we introduce chiral fermions iIir and Vl transforming under 
possibly different representations of the symmetry group: 

(5.1.9) 

with the commutation relations 

[rl/R,Tl,Rh=ir''rl,j,,^ (5.1.10) 

Again the representations are in general reducible. If we consider only massive 
(Dirac) fermions, every left-handed fcrmion must have a right-handed partner 
to generate a Dirac mass term. To obtain a consistent quantum field theory, 
anomaly free representations must be chosen but this will play no role in our 
discussion. 

As an alternative notation we sometimes use vector and axial-vector cou- 
plings defined by 

9v = ^{tl + tr) qa = ^{tr - tl) (5.1.11) 

5.1.4 Majorana Fermions 

A Majorana spinor is defined to be equal to its charge conjugate (following the 
convention of [69]): 

= i7VM (5.1.12) 
The Majorana condition (5.1.12) must commute with gauge transformations, 
i.e. 

{Aij^MiY = iT^AV'Mi (5.1.13) 
(note that (i7^)^ = 1). I'^om this condition we get a constraint on the gauge 
transformations: 

(A^Mi)* = (i7')i(-ffyji + 9%d)i^Mi = iSl'^YAg^ij + 9\ijl^)i^Mi (5.1.14) 

where we have used Pyy^j = 9^/^ ^^'^^ reality of 7^. 

Thus for Majorana fermions the vector coupling must be antisymmetric while 
the axial vector coupling must be symmetric. 

Because of these symmetry properties in the case of an abelian symmetry 
only an axial vector coupling is allowed while in for a nonabelian symmetry only 

a vector couiiliiig is allowod"'". 

^Thc representation matrices of a Lie algebra cannot be totally symmetric since this is 
inconsistent with the commutation relations. 
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5.1.5 Unbroken Symmetries 

The symmetry group G might contain an unbroken subgroup H that leaves the 
vacuum (j)Q invariant and therefore their generators, denoted by L, annihilate 

L\B<i>OB = (5.1.15) 
In our parametrization the unbroken subgroup is generated by matrices 



that satisfy besides (5.3.2a) the condition 

hl^Vi = (5.1.17) 

Using the fact that the unbroken generators form a subalgebra and annihilate 
the vacuum (5.1.15) we show in appendix D.2.4 that 

hh = (5.1.18) 
so the representation of the unbroken subgroup reduces to 

i"=(o T'^) (5.1.19) 

which shows that Goldstone and Higgs bosons transform under ordinary repre- 
sentations of the unbroken subgroup. This fact is well known from the formalism 
of nonlinear representations of broken symmetries [65], that wc review in ap- 
pendix B. It turns out that these representation can be reduced further. In 
appendix D.2.4 it is derived that massless gauge bosons couple only to particles 
of the same mass. This is also clear on general grounds since by definition no 
internal symmetry can connect particles of different mass. To avoid a cumber- 
some notation distinguishing between massive and massless gauge bosons we 
extend the definitions of the couplings of the Goldstone bosons to unbroken 
indices: 



tlf), ma A mb ^ 
0, rua V mfo = 



rUa V rrifo = 



(5.1.20) 



5.2 Lagrangian 

The Yang-Mills Lagrangian for the gauge fields is 



^YM = —FrFa^.. (5.2.1) 



with the field strength tensor 

FaiJ,v — (^n-^au ~ (^v-^afi + Qaf^^'^-'^bv^cv (5.2.2) 
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The Lagrangian for the scalar fields has the form 

= ^D^cI)aD>'<Pa - V{cP) (5.2.3) 
with the covariant derivative of the scalars 

D^,<pA = d^cj>A + gaT^BWa,,cj)B (5.2.4) 
and a potential satisfying the gauge invariance condition 

^^nn^B = (5.2.5) 
We parametrize the scalar potential as 

„AB ,,ABC ,,ABCD 

y{4>) = ^0^0^ + ^0^0^^^' + ^i^0^0^0^0^ (5.2.6) 

The constraints arising on the coefficients g2 and from the symmetry condi- 
tion (5.2.5) are summarized in section 5.3. 

The Lagrangian for the fermions is is parametrized as 



if/ = i^l,,ip^, + {l,,c^A{xf,C-^)+X^\l±f))i,^ (5.2.7) 
with the covariant derivative of the fermions 

D^i>i = d^i,i - ig,Wa^{rl,.{l^) + .(l±li))V;,- (5.2.8) 



For the fermion-scalar coupling to be invariant under the gauge transformations 
(5.1.4) and (5.1.9), it must satisfy the transformation law 

-^TRijXfk + iX^rljk = X^k^BA (5.2.9) 

that is it transforms as a mixed tensor with one index in the scalar represen- 
tation, one index in the left- and and one index in the right-handed fermion 
representation. 

To do Feynman diagram calculations with this Lagrangian, the usual gauge 
fixing has to be performed. The gauge fixing and ghost terms in the notation 
used here are given in appendix A. 2. 

The Lagrangian introduced in this section can be compared with the general 
parametrization introduced in appendix D.l and we can identify the values the 
general parameters take in the case of spontanteous symmetry breaking . 

In the Yang-Mills Lagrangian (5.2.3) the quartic gauge boson interaction 
gw'i of the general Lagrangian (D.1.1) is given by^ 

g^l"^ = f^bejcde _ j^ade j^bce (5.2.10) 

The notation for the couplings of fermions to gauge bosons is unchanged while 
the Yukawa couplings are 

IJhij = Xij g^ij = X?- (5.2.11) 



•^From now on we suppress the coupling constants in the relations among the coupling 

constants. 
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The coupling of scalars to gauge bosons is given by the square of the covariant 
derivative 

^D^</)^£»'*0A = ld^<l>Ad''(l>A (5.2.12) 

+ lnBWi:<f>BX<f>A - ImT'', T'>}AB4>BWa^W^ (5.2.13) 

Inserting the parametrization (5.1.7) we find that T"-^ and t^;, agree with the 
Lagrangian (D.1.1) The 2 scalar-2 gauge boson coupling is given by the anti- 
commutator of representation matrices: 

9i^wi = -{T'',T'^}AB (5.2.14) 
Using equation (5.3.3c), the 2 Higgs 2 gauge boson coupling is given by: 

The cubic scalar gauge boson couplings originate from the contraction of the 
anticommutator {T"^,T''} with a vacuum expectation value (j>o: 

4ww = gi^w'^^OB (5.2.16) 
In the notation introduced in equation (5.1.20) they are given by: 

5w = -<i (5.2.17a) 
gfww = {m,tl, + m,tl) (5.2.17b) 
9'hww = imaul + m,ul) (5.2.17c) 

The triple scalar couplings can be expressed through the terms in the scalar 
potential by 

5^3^^ = -53^^^ - 5^^^^. (5.2.18) 



5.3 Symmetry conditions and implications of SSB 

The Lagrangian written down in section 5.2 is subject to the constraints from 
gauge invariance given in equation (5.2.5) and (5.2.9) that we have not exploited 
yet. 

Furthermore we must ensure that the scalar potential induces spontanteous 
symmetry breaking and our split in Higgs and Goldstone bosons is sensible. It 
will turn out that the implementation of these conditions allow to express the 
couplings of the Goldstone bosons by couplings of the physical particles. 

In order that the vev (5.1.5) is the true ground state of the theory, it must be 
the minimum of the scalar potential. This condition is analyzed in appendix D.2 
and leads to equation (D.2. 13): 

2 ijk , ijkl /r o 1 \ 

mjj.Uj = --QHsVjVk + g5H4 VjVkVi (5.3.1) 

This are the so called 'Higgs mass sum rules' [71]. These relations are not 
connected to the gauge invariance of the scalar potential and therefore cannot 
be verified by the Ward Identities. 
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Since our paramctrization of the scalar fields should identify the unphysical 
Goldstone bosons correctly, the gauge transformation of the vev must be in the 
Goldstone boson direction so we demand 

T.'^jVj = (5.3.2a) 

We assume that the mass matrix of the gauge bosons obtained by inserting the 
parametrization of the scalar field (5.1.3) into the Lagrangian (5.2.3) has been 
diagonalized: 

{u^^,v,){u'^jVj) = mlSa,b (5.3.2b) 

The case {u'^^Vi) = corresponds to the unbroken subgroup H that we have 
discussed in section 5.1.5. Since the Goldstone bosons correspond to the bro- 
ken generators their number is equal to the number of massive gauge bosons. 
Therefore the projection of the matrix [u^ai^i) onto the subspace of massive 
gauge bosons u^iVi is a square matrix that can be chosen diagonal if the mass 
matrix is diagonalized: 

u'^jVj = m/jS^^y (5.3.2c) 

We demand also that the fermions get their masses from the coupling to the 
sccilcirs' 

This implies'^ 

Xf^cPoA = X^UoA = -S^Jm^ (5.3.2d) 

Together with the Lie algebra of the representation matrices and the invariance 
of the Yukawa couplings and the scalar potential, this summarizes our symmetry 
conditions that we will now use to eliminate the Goldstone boson couplings. 

Let us first turn to the scalar gauge boson sector. Consistency relations on 
the generators (5.1.7) can be obtained by acting on the vacuum expectation 
value (j)o with a commutator of two generators in the representation of the 
scalar s: 

{[T-,T'])cf>o = r'^ (^^^) 

The resulting equations are used in appendix D.2 to express the couplings of the 
Goldstone bosons to the gauge bosons by structure constants and gauge boson 
masses: 

^For vector like symmetries with th = also an explicit mass term for the fermions 

-5?/,m = -rhSiili 
is allowed. In this case, equation (5. 3. 2d) gets modified to 

Xfj<i>QA = ^if <paA = -5ij(mi - fhi) 
so that in any case rrii is the physical mass of the fermion. 



(5.3.3a) 
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One also obtains the symmetry relation 

m„uf„ = m^<^ 
that allows to simplify equation (5.2.17c) to 

mag'^lw = -maul = - \cfSww (5-3.3C) 

Similarly one can derive the fermion-Goldstone boson coupling by contracting 
the transformation law of the Yukawa couplings (5.2.9) with the vacuum expec- 
tation value (j)QA and using the condition (5. 3. 2d) 

maQluj = ^aXtj = imjT^ij - innTlij (5.3.3d) 

Note that the coupling of vectorlike fcrmions with = to Goldstone bosons 
vanishes. The relations obtained up to now reproduce the results obtained in 
[10] from tree level unitarity. 

The coupling of the Goldstone bosons to scalar particles can be obtained 
from the invariance of the scalar potential (5.2.5) (see equations (D.2.19)): 

^wS^i. = T^j (m^ - m|) (5.3.3e) 

mw.rnw,g;^H = -^ffwvr (5.3.3f) 
9$" = (5.3.3g) 

Also, all quartic scalar couplings except (?//4 can be expressed in terms of the 
cubic couplings 

^ ^ABC'a , DBCrpa , ADC rpa , ABDrpa _ n (t:. A\ 

"^W„.9$4 +.g$3 Jd/1+.9$3 ^DB+9<i,i ^DC — ^ (5.3.4j 

(see (D.2.21) for the explicit expressions for the Higgs and Goldstone boson 
couplings.) Again we can eliminate the cubic Goldstone boson couplings from 
this equation and express everything in terms of the input parameters. 
Furthermore, the identity ^ 

= [A, {B, C}\ + {[C, A\, B] - {[A, B\C} (5.3.5) 

can be used together with equation (5.2.14) to obtain the relations (see (D.2.9)) 

^ „abcd fecaJied , feda„bce j.a „ecd Aba „icd /r q 

^Wa9(j,'2w^ ~ J 9tt>ww "T / 9(j>ww ~ ^eb9<i>ww ~ 9h4>w9hww {o.o.oa) 

^ „abci febaAec , fecaAeb , „iae „ebc '-pa ^bc (K o ru\ 

^Wa9H(f>w^ — J 9hww ^ J 9hww 'T' 9H<t>w94>ww ~ -'-ji9Hww (,o-<3-dd; 

5.4 Input parameters and dependent parame- 
ters 

We can summarize the results from section 5.3 by dividing the parameters of 
the general Lagrangian from appendix D.l into input parameters and dependent 

^Formally this is a 'Super Jacobi Identity' [70] 
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parameters. This is not a minimal set of input parameters since we don't 
attempt to solve the relations among the input parameters themselves imposed 
by the Lie algebra structure, the Jacobi Identities and other symmetry relations. 
Such a solution doesn't seem very useful in the general setting of our setup and 
it is well known that in practice there are several equivalent schemes that can be 
used according to convenience. We will come back to this issue in the electroweak 
Standard Model in chapter 10. 

The input parameters can be put in three groups. The structure constants 
and the fermion-gauge couplings are determined by the gauge group and the 
fermion representations alone: 

fabc 

la (5-4.1a) 

These structure constants must satisfy the Jacobi Identity (5.1.2) and the rep- 
resentation matrices the Lie algebra (5.1.9) 

The second group consists of the couplings of the Higgs bosons to gauge 
bosons and fermions. In the notation of appendix D.l these are given by 

rpa 

ij 

It seems strange that the Higgs-Gaugo boson couplings are regarded as input 
parameters since in the Standard Model they arc determined by the gauge boson 
masses. In more general Higgs models one can give, however, only consistency 
relations on these couplings. The matrices qhww and T are connected by the 
relation (5.1.6) while the couplings to the fermions must satisfy (5.2.9). 
The Higgs self coupling is parametrized by the two matrices 

ffi^3 , 9%f (5.4.1c) 

They are connected to the Higgs masses by the sum rules (5.3.1). However, 
these sum rules are not connected to gauge invariance since they follow from 
the minimization of the scalar potential. Thus they cannot be checked by the 
Ward Identities. 

All other couplings can be expressed by these input parameters. In sec- 
tion 5.3 we have seen that all Goldstone boson couplings can be expressed by 
these parameters via equations (5.3.3) and (5.3.6). Furthermore, all quartic cou- 
plings of physical particles except the quartic Higgs selfcoupling are dependent 
parameters. 

To summarize, we have shown how all parameters in a spontaneously broken 
gauge theory can expressed through the set of input-parameters (5.4.1), using 
the relations (5.3.3), (5.3.6) and (5.3.4). In chapter 6 we show how these re- 
lations can also be obtained by imposing the Ward-identities on the scattering 
amplitudes calculated using the general Lagrangian (D.1.1) without using the 
constraints from gauge invariance and spontaneous symmetry breaking. 



5.5 Example: Standard model 

As a first example to illustrate our notation and for later applications, we briefly 
review the electroweak Standard Model 
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We first discuss the gauge sector of tire Standard Model tliat consists before 
symmetry breaking — of SU{2) gauge bosons and a [/(I) gauge boson B^. 
After spontanteous symmetry breaking , the mass eigenstates are given by 



A^ = sin e^W^ + cos O^B^ 
On tree level,the 'Weinberg angle' 6yj is given by 

cos 9u 



mw 



mz 



(5.5.1) 

(5.5.2) 
(5.5.3) 

(5.5.4) 



The electromagnetic coupling is given in terms of the Weinberg angle and the 
coupling constants g and g' by 



e = sin 6yjg = cos 9yjg' 



(5.5.5) 



and the electromagnetic charge can be expressed by the Gell-Mann Nishijima 
relation 

Q = |+r3 (5.5.6) 

in terms of the third component of the weak isospin and the hypercharge 
Y that determines the coupling to the U{1) gauge boson B^. The triple gauge 
boson couplings follow from the term 



-gt"'"W^W^d^W^a 



= igW^W^ {cosOwd^Zi, + sm9yjd,^A,y) + permutations (5.5.7) 

The covariant derivative acting on the fermions is given by 

ii!) 

(5.5.8) 



sm 



We now turn to the scalar sector that is normally parametrized as a complex 
scalar SU{2) doublet field 



i,((„..,-i.^.)(;).-L( 



-\l<pl - 102) 



(5.5.9) 



However, it is well known [40] that one can rewrite this as a vector of real fields 
(j)= A(j) = -oJaT''(l) (5.5.10) 

\v + hJ 
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where the real representation matrices can be obtained by applying the 
matrices — i§ to the complex representation of (p (5.5.9) and identifying the 
transformation laws of the real components. 

Finally we write down the quark sector of the electroweak Standard Model 
in our notation. The left-handed quarks transform under a irreducible spinor 
representation of SU{2) while we assemble the right handed quarks in a direct 
sum of trivial representations of SU{2): 



UL 

dL 



SQi 



ur 
dR 



SQr = (5.5.11) 



If we ignore quark mixing the interaction between scalars and quarks can then 

be written in matrix form 



-■^Hqq = XdQh ■(f>dR + \u(''^QLa<t>luR + h.C. 



H) - i0o) 



Ql 



\u^{{v + H) + i(l>o)^ 
--^Ad((u + H)- i(l>oa^) - iA„(</>+a+ + ^-a") 



Qr + h.C 



Qr+ h.C 



(5.5.12) 

In this example the gauge invariance is of course obvious in the original parametriza- 
tion in the first line so we don't perform the rather tedious exercise of checking 
the transformation law (5.2.9) in the notation of the last line. 



5.6 Example: SUSY Yang-Mills 

As a second example that serves to demonstrate that the above setup also 
includes supersymmetric field theories, we transcribe the supersymmetric Yang- 
Mills theory [69, 70] to our notation. In the conventions of [6, 7] the SYM 
Lagrangian (after eliminating auxiliary fields) reads^ 



YM 



.vl/^(i^)M/^ 
V2g IXaCp'^T'^i^)^ + *T«</)(i±I^)A« 



)*0 



|^|(<^tr»|2 + y(^) (5.6.1) 



Here A is the gaugino field, a Majorana fermion transforming in the adjoint 
representation of the gauge group; (p the sfermion field, a complex scalar in 
the fundamental representation. The field strength tensor and the covariant 
derivative are defined as usual. The potential V is determined by the matrices 
y"^^ and the mass matrices of the fermions but we won't need the details here. 
It can be shown that the gauge symmetry might be broken by a vev of the 
sfermions but the supersymmetry remains unbroken [70] 

®This is a simplified version where the fermion field ^ is a Majorana fermion. For Dirac 
fermions one must include another sfermion scalar field in the Lagrangian. 
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We sec that this is indeed a special case of (5.2.3) and (5.2.7) with the 
identifications 







Lij ' Rij \ n ( sabc 



i)rV (5.6.2) 

T'a ^T^a 
AB — ^-''13-1 



\~V2gT^^ 

ft should be noted that gauge invariance alone forces the gaugino-fermion- 
sfermion coupling to be proportional to the representation matrix T. Indeed, 
after some index shuffling, the transformation law of the Yukawa couplings equa- 
tion (5.2.9) turns into the Lie algebra of the representation matrices 

[T",T''] =i/"^^T^ (5.6.3) 

and the transformation law of the Yukawa coupling: 

-T^^y"''^ + y'^^^'T^x = T^sv'^^ (5.6.4) 

The coefficient of the A^^* term can, however, only be determined by su- 
persymmetry. Therefore we will be able to apply our method of verifying the 
Feynman rules also to supersymmetric theories, but of course we cannot hope 
to check the supersymmetry of the Lagrangian. To do this the BRS transfor- 
mations and therefore the STIs have to be generalized to include SUSY trans- 
formations [6, 7, 58]. 



Chapter 6 



Reconstruction of the 
Feynman rules from the 
Ward-Identities 



After we have clarified the structure of a spontaneously broken gauge theory in 
chapter 5 we are now in a position to demonstrate — using the tools of part I — 
that the Ward-Identities (3.1.14) for 3 and 4 particle tree-level matrix elements 
with up to 4 contractions are sufficient to reconstruct the Feynman rules of a 
spontaneously broken gauge theory (apart from the quartic Higgs coupling). 

From the results of section 4.1 it is evident that the complete set of Ward 
Identities for 3 and 4 point functions is equivalent to the complete set of STIs 
that in turn is known [44] to determine the Lagrangian. The nontrivial fact 
that we establish in this chapter is that the limited set of Ward Identities with- 
out external Goldstone bosons is sufficient to reconstruct the Feynman rules. 
The calculations are done in the language of Ward Identities for scattering am- 
plitudes that appears to be more intuitive, the use of the STIs for irreducible 
vertices yields the same results and can provide important cross-checks. 

As a first step, we establish in section 6.1 that Ward Identities for the 3 point 
matrix elements allow to express the triple Goldstone boson couplings in terms 
of the input parameters in the same way as in section 5.4. We then consider 
the Ward Identities for 4 point scattering amplitudes with one contraction that 
yield consistency relations among the coupling constants of the physical particles 
like the Lie algebra structure, the invariance of the Higgs- Yukawa coupling or 
the expression for the WWHH coupling. Finally we show that the conditions 
from the Ward Identities with more than one contraction determine the quartic 
couplings involving Goldstone bosons and give consistency relations on the triple 
Goldstone boson couplings. In this process at every stage the results of the 
previous steps have to be used. We will give some examples for the calculations 
and list all the resulting conditions while the details of the complete calculations 
can be found in appendix F. 
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6.1 Cubic Goldstone boson couplings 

In section 5.4 wc have derived equations (5.3.3) that express the cubic Goldstone 
boson couphngs by the input parameters. While this derivation used only the 
Yang Mills form of the Lagrangian and basic properties of spontaneous sym- 
metry breaking, we will now re-derive this relations from the Ward Identities 
alone. 

6.1.1 Couplings of one Goldstone boson 

The couplings of one Goldstone boson to two physical particles are determined 
by the Ward Identity with one unphysical gauge boson. As an example we 
consider the Ward Identity for the WWH vertex. 

\ 

\ 

\ 

= 
or explicitly 

~ip'^'^e'i'M,,„,jWaWi,H,) = mwA"M^,{4>aWbHi) (6.1.1) 
Inserting the Feynman rules (D.1.4i) and (D.1.4h) from appendix D.1.2 gives 

9Hwwij>a ■ £6) = mwaQHlw^b ■ {Pi - Pa) (6.1.2) 

so for on-shell gauge bosons with polarization vectors satisfying ch ■ Pb = and 
using momentum conservation we recover equation (5.3.3c): 

^^^^ " "2^^^^^^ ^^-^-^^ 

As an important remark, we note that as long as we contract the HWW vertex 
with a polarization vector orthogonal to pb, the vertex will satisfy the WI 

iPa^eb. {W^{Pa)WaPb)Hi{pi))^''' + mw^eb. {Mp)W^iPb)Hi{pi))'''' = 

(6.1.4) 

even if the Higgs is off-shell. This will prove very useful in explicit calculations. 
This property follows also from the STI for the HWW-vertex (C.4.1). Similarly 
the other relations in (5.3.3) for the couplings of one Goldstone boson can be 
derived (see appendix F.l) : 




(6.1.5a) 
(6.1.5b) 
(6.1.5c) 




CHAPTER 6. RECONSTRUCTION OF THE FEYNMAN RULES 



64 



An important further result is that the Ward Identity for the three gauge boson 
vertex impUes not only the Goldstone boson-gauge boson coupling but also 
the total antisymmetry of the coupling constants /"^'^ (see the discussion after 
equation (F.1.7) in appendix F.1.1.) 

6.1.2 Couplings of 2 or 3 Goldstone bosons 

To get the relations for the couplings of 2 Goldstone bosons to one physical 
particle, one has to consider the Ward Identity (3.1.14) with two unphysical 
gauge bosons. Using again the HWW amplitude as an example, the Ward 
Identity 

reads 

PaPb-M^i^{HiWaWb) = mWamw,M{Hi(l)a(f)b) 

+ imw^vftM^{Hi4>aWb) + im^,p^>t^(FiW«(/.fe) (6.1.6) 
Inserting the Feynman rules from appendix D.1.2 gives 

+ ^mw^gnlwiPb ■ {Pi - Pa)) + '-^mw^gnlwiPa ■ {Pt - Pb)) (6.1.7) 

Using the expression (5.3.3c) for gH<t,w (that we have reproduced from the Ward 
Identity in equation (6.1.3)) and the symmetry of gHWW we find that this Ward 
Identity is equivalent to equation (5.3.3f): 

^^''^ = 2r» \ 9'^'wwiPb+Pb)-Pi = -^J^;—9tww (6.1-8a) 

Similarly the remaining relations in equations (5.3.3) can be derived (see ap- 
pendix F.l): 

= ^ m„me4 = \f'""'{ml -ml- ml) (6.1.8b) 



= ^ = (6.1.8c) 

Therefore we have succeeded in determining the cubic Goldstone boson cou- 
plings from the Ward Identities for 3-particle matrix elements. As an important 
additional result, it turns out, that the STIs for the three point vertices are 
satisfied automatically if the corresponding Ward Identities are satisfied. We 
check this explicitly in appendix F.l. This property will be very useful in the 
calculations of the 4 point STIs since we can use the connection between the 
Ward Identities and the STIs discussed in section 4.1. 
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6.2 Gauge invariance of physical couplings 

After we have completed the discussion of the cubic Goldstone boson couphngs 

and the 3 point STIs we now consider the Lie algebra structure of the couplings 
of the physical particles , i.e. the Higgs bosons, gauge bosons and fermions. 

The calculations are done in unitarity gauge, keeping only the external Gold- 
stone bosons appearing in combination with the unphysical gauge bosons, after 
the prescription given in appendix C.2. We don't loose information if we work 
in unitarity gauge since, according to section 4.2, the 4 particle scattering am- 
plitudes in gauge agree automatically with thosc^ in unitarity gauge if all 
3-particle matrix elements satisfy the Ward Identities . Therefore the internal 
Goldstone bosons appearing in i?j gauge drop out of the calculations 'trivially' 
and don't lead to additional conditions. 



6.2.1 Example: WWHH Ward identity 

As a first example, we will evaluate the Ward Identity for the HHWW ampli- 
tude 




M{V^WbHiHj) = I ) =0 (6.2.1) 
Wb 

and show that it reproduces the definition of the quartic scalar- gauge boson 
coupling (5.2.14) and the Higgs components of the Lie algebra (5.1.6). 
We first consider the Higgs exchange diagrams. Using the STI (C.4.1) 

- mPa)KiPb)Hi{Pit''' = Ig'^'wwPt (6-2.2) 
we see that the s-channel diagram satisfies the Ward Identity by itself: 

= (6.2.3) 



/ 

/ 

/ 



\ 



Using the STI for the HHW vertex (C.4.2) 

- {VMHiip,)Hj(pj)f''' = T^^ [DuAPi)-' - DhM)'^] (6-2-4) 
gives for the t and u-channel diagrams 



^ \ = -'^TgTUPJ ■ ^b) - 2T^kTL{Pi ■ ^6) 



(6.2.5) 



Turning to the t- and u-channel gauge boson exchange diagrams we can use the 
STI (6.2.2) and the relation 



qi^q'^ \ —1 1 
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to find 




H, 




9hww9hww {Pj ■ eft) 



Using the STI (F.1.8) 

we obtain the s-channel diagram: 




= -r»'^T[e,.{pi-pj) 



The only diagram with a quartic vertex is: 

=(-i)i5&(Pa-e6) 
Adding up the diagrams, we find 



(6.2.7) 



(6.2.8) 



(6.2.9) 



(6.2.10) 



')9^TiWW 9^HWW 



2m^^ 



-2Tt^Tt, + ( 



1 



)9hww9hww 



abij 



2jj^2^'^HWWyHWW (Pi ' ^b) 

£6 • {P^ + Pi) + r'^T^^b ■ {P^ - Pj) (6.2.11) 



Splitting the product of the coupling matrices into commutators and anticom- 
mutators we find by matching coefficients 



trpa rpbT. _ \gjrww_ 9hww 1 _ f '^'^-T''. 



(6.2.12a) 



This arc just one of the commutation relations (5.1.6) and the definition of the 
HHWW coupling according to equation (5.2.14). The same relations can also 
be obtained from the STI for the irreducible 2W2H vertex(C.4.13), in agreement 
with the general result from section 4.1. 



6.2.2 Gauge boson and fermion couplings 

Having discussed one example for the evaluation of the Ward Identities, we will 
now quote the results of the remaining identities. The details of the calculations 
can be found in appendix F.2. 

The Ward Identity for the AW amplitude with one unphysical W gives the 
Jacobi Identity for the structure constants and the quartic gauge coupling (see 
appendix F.2.1): 
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I j^abe jcde jcae jhde _j_ jade jhce _ q 
^ I gabcd jace jbde 2 JQ'de jbce jabc jcde jade jbce 

(6.2.13) 

As in an unbroken gauge theory, the Ward Identity for 2 fermions and 2 gauge 
bosons gives the Lie algebra of the generators of the fermion representations 
(see appendix F.2.2): 




(6.2.14) 



6.2.3 Symmetry of Higgs- Yukawa couplings 

The Higgs- Yukawa coupHng must satisfy the transformation law (5.2.9) that 
expresses the invariance under global transformations. 

This relation can be obtained from the Ward Identity for 2 fermions, one 
gauge boson and one Higgs boson (F.2.17): 




hba 

= -i^^gh - iidHA) - gmirhi + r'nu9Hij (6-2.15) 

This is indeed the A = h component of the transformation law (5.2.9). 

Note that for vectorlike fermions the first term on the right hand side van- 
ishes and equation (6.2.15) becomes the condition for the global invariance of 
the Higgs Yukawa coupling. 



6.3 Goldstone boson couplings 

6.3.1 Quartic Goldstone boson -gauge boson couplings 

The quartic Goldstone Goldstone boson -gauge boson couplings are on one hand 
determined by the anticommutator relations (5.2.14). The Higgs component of 
this anticommutator was reproduced by the HHWW identity, so the remaining 
components follow from the similar identities with external Goldstone bosons, 
where ghost terms have to be taken into account. 

This follows from the STI for the 2 gauge boson -2 scalar vertex (C.4.13), 
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g'^HW^ = {T^T'U (6.3.1) 



X 

\ Hi Hi 

and similar for the component with 2 Goldstone bosons: 

9$w^={T'',T''}ab (6.3.2) 

Since we want to avoid the use of ghost terms in our reconstruction of 
the Fcynman rules, wc cannot use these identities. Fortunately, the quartic 
gauge-Goldstone boson couplings are also uniquely determined by the Jacobi- 
like identities (5.3.6), that follow from Ward Identities without external Gold- 
stone bosons as we will demonstrate now. 

The Ward Identity for the 3WH amplitude with one unphysical gauge boson 
results in (F.2.23): 

Wc , 

™ ^abci ^^crf j^abd ^ibd racd 

'"'WayH(f>w^ ~~ yHwwj yHwwJ 




2m 



(6.3.3) 



and this reproduces (5.3.6b). The same result follows from the STI for the 
irreducible (pHWW vertex (C.4.14) 

To avoid the use of external Goldstone bosons, we cannot use the Ward 
Identity for the 4>3W amplitude with one contraction. Instead we show that the 
same result can be obtained from the 4T4^ Ward Identity with 2 contractions 
where also the 2W2(j) vertex contributes. The result of the calculation is given 
by equation (F.3.9): 



rr, m „abcd ^ Aab Acd ^ „^cd j.a 

mwa^Wb9^'^w'^ — -^gHwwyHww — ^Wi,y4>wwHe ^ 



Indeed this is the explicit form of the relation (5.3.6a). 




6.3.2 Lie algebra structure of the triple Goldstone boson 
couplings 

Apart from the relation (6.2.12) for the Higgs-gauge boson coupling, the Lie 
algebra of the scalar generators (5.1.6) also implies two relations for the Gold- 
stone boson -gauge boson couplings (5.1.8a) and (5.1.8b). Since these couplings 
involve more than one Goldstone boson, we have to consider Ward identities for 
amplitudes with several unphysical gauge bosons. 
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We begin with the 3WH Ward Identity with two unphysical gauge bosons. 
The calculation in appendix F.3.2 gives 




1 / tn 

_ ibac ice rabe ( -i V 

mWb9H,pw^ = -T^gnwwJ {>- 



m 



We 



(6.3.5) 



_i_ face Abe rJ"'^ 

'^2 9hww ~ yHWW-'-ji 



The same relation is obtained from the STI for the irreducible vortices with two 
contractions (3.4.11) as we show in appendix C.4.3. 

We cannot yet identify this equation with a relation obtained from the Yang 
Mills structure of the Lagrangian in chapter 5. However, we can eliminate the 
quartic coupling using the rcsidt from the Ward Identity (6.3.3) and the explicit 
expression for g^'^^r■ This gives us the condition 



1 



2m 



We 



1 



■„ —ITliY^ ) + 2^2 9HWW f'^"''^ (™Wc ~"^Wa ~''^We ) 



dHWw'^ji + '^jidilWW ~ f'''"'9HWW (6.3.6) 



which can be easily seen to be the explicit form of (5.1.8b). 

To derive the remaining component (5.1.8a), we calculate the Ward Iden- 
tity for the 4 gauge boson amplitude with 3 unphysical gauge bosons and get 
(F.3.22): 




facefebd^2m 
I jaed jcbe 



2 



TO,, 



^We "I 



TO- 



We 



(6.3.7) 



I ^ibc iad 

"T 9hww9hww 



— (a ^ c) 



It requires some algebraic manipulations and use of the Jacobi Identity to see 
that this is indeed the same as (5.1.8a) (see appendix F.3.3). 



6.3.3 Global invariance of Goldstone boson Yukawa cou- 
plings 

The Ward Identity for two fermions and 2 unphysical gauge bosons yields 
(F.3.30) 




;^b ^a -a b c j.a 

^94,il'Llj ~ ^'Ril9<pij — 9(t>ij^cb ~ 9h 



^ kab 

k 9hww 



2m 



Wi, 



(6.3.8) 



This relation can be identified as the transformation laws of the Yukawa cou- 
plings (5.2.9). 
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6.3.4 Scalar potential 

The coupling of three Higgs bosons and one Goldstone boson is determined by 
the W'SH Ward Identity (F.2.27): 

iab i«-6 
aijk _ jklrpa _ bjk f! HWW _, Akl rria ^bik 9hww 

H]^ , ijl rpa Jyij 9hwW 

(6.3.9) 

The condition for the 2W20 coupling is obtained form the Ward Identity for 
the 2W^2iJ amplitude with 2 contractions (F.3.37): 

™ ™ ijab ^ .6 cij , ^ kab ijk 

N , 'rnwa'mwi,g^2H2 = mwJcaQ^H^ + 1^9Hww9m 




'^TkiTkj {mjj. - m|^J + ^4^2^ 9hww9hww (6.3.10) 



Inserting the relations for the triple scalar couplings from (6.1.5) and (6.1.8) , 
we see that this is the same as one component of the invariance condition of the 
scalar potential (5.3.4) (sec (D.2.21c)). 

The relation for .9^3/^ following from (5.3.4) can be derived by the Ward 
Identity for the 3WH amplitude with three unphysical gauge bosons (F.3.44): 

2 

TTl 

™ „iabc _ J rjia Jcb 

mw.9H4>^ - -2mw,mw/''^"'^'^ 
ml- -^"^ 




b- 9hww 2 2 



(6.3.11) 

This is indeed equivalent to (D.2.21b). 

Finally, the Ward Identity for the 4 gauge boson amplitude with 4 unphysical 
gauge bosons gives the condition for the 4 Goldstone boson coupling: 



dhcd H- dio. ibc 

mwa''nw,y'>nwc'>nwd9'4,i = -r^9Hww9Hww 

Hi ibc ^*ttc Hi ^icd ^iab 

'^9hww9hww '^9hww9hww 

6.4 Summary 




To conclude our discussion of the reconstruction of the Feynman rules, we com- 
pare the results of the Ward Identities with the relations among the coupling 
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constants in a spontaneously broken gauge theory from section 5.4 and discuss 
the relation to the reconstruction of the Feynman rules from tree level unitarity. 

Comparing to the results from chapter 5, we see that all the relations related 
to gauge invariancc can be reproduced by our limited set of Ward identities 
except the definitions for the quartic Goldstone-gauge boson couplings from the 
anticommutator (5.2.14) and the gauge invariance condition of the quartic Higgs 
coupling resulting from equation (5.2.5). However, the quartic gaugc-Goldstone 
boson couplings are uniquely determined by the 'Jacobi Identities' (5.3.6) that 
are reproduced by the Ward identities. It is obvious that the 4 point Ward 
identities arc not sufficient to reproduce the invariancc conditions of the quartic 
Higgs coupling so one has to consider a 5 point Ward Identity to verify this 
Feynman rules. In chapter 5 we have also given relations like the 'Higgs mass 
sum rules' (5.3.1) that follow from the minimization of the scalar potential. 
Since these relations are not related to gauge invariance, they cannot be verified 
by the Ward Identities. 

A complementary approach for the reconstruction of the Feynman rules is 
the imposition of unitarity bounds [10, 11, 13] that we have sketched in sec- 
tion 2.1. The leading violations of tree level unitarity are removed if the gauge 
boson interactions are of the Yang Mills type. In our approach the same con- 
ditions have been derived using the Ward identities (6.2.13) and (6.2.14). To 
cancel subleading divergences, the couplings of the Higgs particles have to sat- 
isfy certain constraints, the so called 'Higgs sum rules' [36]. As it turns out, 
these sum-rules are just the Lie algebra (5.1.6), the Yukawa transformation law 
(5.2.9) and the quartic gauge boson-Higgs coupling (5.2.15) after the identifi- 
cations of the triple gauge boson couplings from equations (5.3.3). Like in the 
reconstruction of the Feynman rules from the Ward Identities, 5 point functions 
has to be considered to obtain relations for the quartic Higgs coupling [11, 13]. 

From [10, 11, 36] one observes that the results of the Ward Identities with 
one unphysical gauge boson correspond to the cancellation of the leading di- 
vergences while the result of the Ward Identities with several unphysical gauge 
bosons corresponds to the cancellation of the suhleading divergences. As exam- 
ple, consider the transformation law of the Goldstone boson- Yukawa couplings 
from equation (5.2.9). In [10, 36] it arises from the cancellation of the sub- 
leading unitarity violations in the ffWW amplitude while in our approach it 
is reproduced from the ffWW Ward Identity with 2 unphysical gauge bosons 
(6.3.8). 



Chapter 7 

Gauge checks in O'Mega 



The results of chapter 6 have given us a finite set of Ward Identities that have 
to be checked to ensure the correct implementation of the Feynman rules of a 
spontaneously broken gauge theory. Wo now discuss the implementation of this 
identities in the matrix element generator O'Mega. Some aspects of the archi- 
tecture of O'Mega, relevant for the implementation of the Ward Identities are 
sketched in section 7.1. The implementation of the Ward Identities is discussed 
in section 7.2. In section 7.3 we describe the implementation of STIs that are 
relevant for checks of SUSY [6, 7] and for future applications in loop calculations 



7.1 Architecture of O'Mega 

The matrix element generator 0'Mega[3, 4] is especially suited for processes 
with a large number of external particles, because it reduces the factorial growth 
of calculational effort with the number of external particles to an exponential 
growth. 

The complete electroweak Standard Model and the MSSM have been imple- 
mented. The implementation of interfering color amplitudes is currently being 
completed. At the moment O'Mega generates the amplitude for a scattering 
process as a Fortran90/95 function, if needed other programming languages 
can be added as target languages. The possibility to calculate loop amplitudes 
from O'Mega tree- level matrix elements via the Feynman loop theorem [45] is 
currently being studied [9] . 

In the O'Mega algorithm, the amplitudes are constructed from subampli- 
tudes with one particle off its mass shell, the so called one particle off shell 
wave functions (IPOWs). The IPOWs are obtained from connected Green's 
functions by applying the LSZ reduction formula to all but one external line 
while the remaining line is kept off the mass shell 

+ . . . + p„ - - . . . - g™) = 



[9]. 



{<l){qi), (t){qm); out|$(a;)|0(pi), . . . , (t){Pn); in) 



(7.1.1) 



For example the IPOW 



A^iipi + P2 + Pa) = {Af,{p2),out\A^{x)\e (pi), e+(p3), in) 



(7.1.2) 
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consists of two diagrams: 

+P2+P3) 





(7.1.3) 



MP2) 



At tree-level, the set of all IPOWs for a given set of external momenta can 
be constructed recursively 



£1 




(7.1.4) 



where the sum extends over all partitions of the set of n momenta. This recursion 
will terminate at the external wave functions. 

The amplitude for a given process can now be obtained by summing over 
products of IPOWs. In a theory with only cubic couplings this is expressed as 



Pin) 



■M= ^l>k^,^APk'PUPm)^kiPk)MPl)^m{Pm) 



(7.1.5) 



k,l.m—l 



where P{n) = 2"~^ — 1 is the number of distinct momenta, that can be formed 
from n external momenta. The generalization to theories with quartic vertices is 
obvious. The quantities are called Keystones. The nontrivial problem 

of the determination of the keystones without double counting of diagrams has 
been solved in the algorithm ofO'Mega[3, 4] . Using this construction, Feynman 
diagrams are not generated separately and IPOWs occurring more than once 
in the amplitude can be factorized. 

As an example we consider the process e+e~ — > ^+/i^7 that can be decom- 
posed into IPOWs according to 




K, 








1 + 1 
















K^-^+A (7.1.6) 



e-e+A 



As illustrated in this simple example, the factorization of diagrams into a sum 
over a product of IPOWs leads to the re-use of code that is needed more than 
once. This procedure is also known as common subexpression elimination. 

The recursive definition of the IPOWs in equation (7.1.4) allows to construct 
the amplitude in terms of the IPOWs using (7.1.5) directly, without having to 
construct and factorize the Feynman diagrams explicitly. 

The amplitude can now be constructed in the following way. Starting from 
the external particles, the tower of all IPOWs up to a given height is constructed 
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and all possible keystones for the process under consideration are determined. 
Now all IPOWs not appearing in the keystones are eliminated and finally the 
amplitude is constructed using (7.1.5). By construction, the resulting expression 
contains no more redundancies and can be translated to a numerical expression. 

7.2 Implementation of Ward identities 

An advantage of the expression of the amplitude in terms of IPOWs apart 
from the efficiency of the resulting code — is the fact that they are precisely the 
objects satisfying the simple Ward Identities (2.2.14) 

-iPfj,W'^{pi + . . .+pn-qi-.. .-Qm) = mw4>{pi + - • ■+Pn-qi--- --qm) (7.2.1) 

Therefore O'Mega allows to check gauge invariance for every gauge boson occur- 
ring in the amplitude. This feature is enabled by calling O'Mega in the gauge 
checking mode 

f90_SM4.bin -warning :g e+ e- W+ W- Z 

In gauge checking mode the complete tower is generated in order to allow gauge 
checks for all occurring gauge bosons. 

To use the Ward Identities in numerical calculations, appropriate criteria 
have to be determined to distinguish irrelevant numerical fluctuations from se- 
rious gauge invariance violations. More specifically, problems arise for very 
small wavefunctions, where small numerical fluctuations can be large relative 
to the absolute value of the wave functions. Such cases have to be discarded, 
in order not to generate spurious warnings. Two criteria have been found, that 
are sensitive to violations of gauge invariance and give comparable results: 

1. comparison with the euclidean norm || ■ || of the gauge boson wavefunction: 

|i^W^^ + .^|<||^|||||W||e (7.2.2) 
where the threshold is chosen as 

e = 3500eM 

where cm ^ 10~^^ is the machine precision and we demand that the 
violation of the Ward Identity is larger than a certain value 

li^W^M + > lOeM 

2. comparison with a projection on the physical part of the gauge boson 
wavefunction: 

riW, + <t>\<\\{g^'^ -^-^)WAe (7.2.3) 

with the thresholds 



e = 5000eM V^W^ + </)| > IOOcm 
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The mimcrical values have been chosen as low as possible without generating 
spurious warnings. 

To be able to check all the Feynman rules already from 4 point functions we 
need the Ward Identities with several contractions (3.1.14) like 

M{VaVa^i^j) = (7.2.4) 

as we have demonstrated in chapter 6. Therefore it is useful to enable the 
checking of this identity in O'Mega. However, the use of IPOWs as building 
blocks for the amplitude means we cannot check the Ward Identities with several 
contractions for internal gauge bosons. Nevertheless it is possible to check 
this identity for external gauge bosons. This makes it necessary to compute 
also the Goldstone boson amplitudes corresponding to the physical relevant 
amplitude. Therefore we have implemented the automatic generation of the 
necessary amplitudes and of a Fortran function that sums up the different terms 
of equation (7.2.4). 

The automatic generation of the Ward Identity is enabled by the commando 
line option -warning :w. The call 

f90_SM4.bin -warning :w e+ e- W+ W- Z 

will generate the matrix elements for the required processes 

+e- ^ W+W-d)^ 



e 



+e- ^ W+W'Z 



(7.2.5) 

- (f)+(j)-(t)" 

and a function that sums the amplitudes with the required phases. This subrou- 
tine is automatically called whenever the amplitude is evaluated. This allows 
checking the Ward Identities parallel to the calculation of the physical ampli- 
tude. 

As a criterion for the violation of the Ward Identity we take (as in [6] in the 
case of SUSY STIs) 

with 

e = 10^ X CM and | ^ A^i| > IOOOcm (7.2.7) 

i 

Applications of the Ward Identities in O'Mega are described in chapter 8 and 
chapter 10. As an example of the efficiency of the gauge checks, we consider the 
sensitivity of the Ward Identities to the coupling g^^ ^2 in the Standard Model. 
If this coupling is used with the wrong sign, the Ward Identity for the external 
Z boson in the amplitude e+e~ ^ HHZ is violated with 

l^-^^ + ^l-lO-e (7.2.8) 



II^IIIIIW^II 

The Ward Identities are sensitive to a relative error of 

^-M^^ixlQ-^ (7.2.9) 

Also numerical instabilities in the expressions of the polarization spinors have 
been discovered using the Ward Identities. 
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7.3 Implementation of Slavnov- Taylor identities 

According to the results of part II, it is not necessary to consider the STIs 
for off-shell Green's functions to obtain gauge checks verifying the Feynman 
rules in ordinary gauge theories. Also on-shell matrixelements are the natural 
quantities appearing in numerical tree level calculations so the on-shell identities 
are sufficient for the purposes of this work. 

However, since the minimal supersymmetric Standard Model has already 
been implemented in O'Mega, one has also to consider the appropriate consis- 
tency checks [6, 7] that involve off-shell STIs following from the full SUSY-BRS 
transformations [58]. Furthermore, work is under way to calculate loop ampli- 
tudes from O'Mega tree-level matrix elements [9] and here off-shell STIs are 
needed for gauge checks. Because of these reasons it is useful to provide the 
necessary infrastructure for gauge checks involving off-shell STIs in O'Mega and 
the implementation described in this section has already been used in [6] . 

To generate the contact terms the STI (3.1.17), we introduce additional 
sources in the Lagrangian — ^just as in equation (3.2.5) for the derivation of the 
ZJ-equation — that couple to the BRS transformations of the physical fields: 

^BRS = (-i) ^*'5brs$ (7.3.1) 

The sources $* have to be treated as nonpropagating particles. We have chosen 
to include the inverse propagators appearing in front of the contact terms in the 
STI (3.1.17) in the external wavefunctions of the BRS sources: 

W; : lip" - m\y^ (7.3.2) 
^* : (— i)(^ — m)u{p) 

For fermions, particles and antiparticles have to be distinguished according to 
equation (C.1.5). In this way, the O'Mega scattering amplitude for the 'process' 

c(fc)<i>i(pi)...$*(p,)...$„(p„) (7.3.3) 

is precisely a contact term from the STI (3.1.17): 

^;;fe)A4(c(fc)$i(pi) . . . (cA$,)(p,) . . . $„(p„)) (7.3.4) 

For physical polarization vectors with e-p = the terms of the form (7.3.3) are 
sufficient. For gauge checks involving the unphysical modes of gauge bosons, 
one has to include terms of the form (3.1.18) arising from the inhomogeneous 
BRS transformation of the gauge bosons to check the STIs. This could be done 
by explicitly considering the amplitude 

-|K^(Ca(p)$l(Pl) • • • Cbipb) . . . ^niPn)) (7-3.5) 

or by introducing another auxiliary field xw [6] with the Feynman rules 



(7.3.6) 
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The additional auxiliary field is necessary to convert this vertex into a cubic 
vertex so it can be included in O'Mega. The matrix element (7.3.5) is then 
generated as the amplitude for 

c{k)xw.<^i{pi) ■ ■ ■ W:^ipa) . . . $„(p„) (7.3.7) 

For calculations in unitarity gauge, the ghost Feynman rules have to be modified 
according to the results of appendix C.2. 

The construction sketched in this section has the advantage that for checks 
of the STIs, one only has to add up amplitudes of the form (7.3.3) and no 
contraction of group indices or multiplication with inverse propagators has to 
be done by hand outside of the amplitude. Also the automatic generation of the 
contact terms should be straightforward, similar to the case of the Ward Identity 
with several contractions discussed in section 7.2. As numerical criterion for the 
violation of the STIs we can use again equation (7.2.6). 



Part III 

Consistency of realisitic 
calculations: selection and 
resummation of diagrams 
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Chapter 8 



Forests and groves in 
spontaneously broken gauge 
theories 

The prescription for the construction of gauge flips in spontaneously broken 
gauge theories given in [15] is to treat Higgs bosons like gauge bosons. As 
discussed already in section 2.4, the characteristic HWW vertex prevents the 
assignment of conserved charges to the Higgs bosons, so it is plausible that 
no new groves should appear. However, no explicit proof for the treatment of 
Higgs bosons was given in [15] and we find it worthwhile to investigate this 
problem based on the results of section 4.3. We will find that for the usual 
linear realization of the symmetries of the Standard Model the brief discussion 
given above is essentially correct. However, in the case of nonlinear realized 
symmetries [65] additional groves appear that are discussed in section 8.2.2. 
These grove are also consistent (i.e. they satisfy the Ward Identities) in unitarity 
gauge. We give numerical checks of these results for processes with up to 8 
external particles. 

8.1 Definition of gauge flips 

In order to apply the formalism of fiips and groves sketched in section 2.4 to 
spontaneously broken gauge theories, we have to define the elementary flips of 
the theory. According to [15] and the results of section 4.3, the gauge flips are 
given by the minimal sets of 4 point diagrams satisfying the STIs. In sponta- 
neously broken gauge theories there is a peculiar property of Higgs exchange 
diagrams that could lead to confusion in the definition of the gauge flips. We 
first treat the case of the amplitude // ^ WW in some detail, before extending 
the discussion to the remaining elementary flips. In section 8.1.3 we will discuss 
theories with nonlinear realized symmetries [65] where the gauge flips can be 
simplified and additional groves appear. This has also interesting implications 
for unitarity gauge as will be discussed in section 8.1.3. 
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8.1.1 ff^WW 

To sec the origin of the subtleties in the definition of the gauge flips, we recall 
that in the calculations of Ward Identities often Higgs exchange diagrams satisfy 
the Ward Identity by themselves. We have met one example in the HHWW 
Ward Identity in section 6.2.1 (see equation (6.2.3)). The reason for this is that 
a simple Ward Identity for the HWW vertex is valid even if the Higgs is off 
shell (see the discussion around equation (6.1.4)). 

The same happens in the Ward Identity for // — > WW (see appendix F.2.2) 
where the Higgs exchange diagram 




gives no contribution. 

Considering the STI for the amplitude where all external particles are off- 
shell, using the STI (6.2.2) for the HWW vertex and the Feynman rules from 
appendix D.l we find that the Higgs diagram in the ffWW amplitude repro- 
duces a ghost diagram from the STI : 




(8.1.1) 



According to the definitions in section 4.3.1, this means that this diagram sat- 
isfies the STI by itself. Therefore we would conclude that the elementary gauge 
flips in a spontaneously broken gauge theory are still defined by (2.4.5b): 




(8.1.2) 



while it seems that the Higgs exchange diagram 




has to be regarded as a new kind of flip that might lead to new groves. However, 
as discussed in section 4.3.2, we have to make sure that the set of Goldstone 
boson diagrams corresponding to the elementary gauge flips also satisfies the 
STIs by themselves. As we will now show, this forces us to include the Higgs 
exchange diagram in the gauge flips. 

Considering the Higgs exchange diagram in the // W(p amplitude, we see, 
using the STI for the WH(j) vertex (C.4.7), that in this case one gets additional 
contributions: 




(8.1.3) 
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The first and the last diagram arc contact terms required by the STL To cancel 
the second diagram, we are forced to add two more diagrams: 




According to the general analysis from chapter 4, these terms provide the re- 
maining diagrams, so a cancellation because of the STI 




takes place. Interestingly, in this case the gauge boson exchange diagram satis- 
fies the Ward Identity by itself. 

Therefore, our definition in section 4.3.2 forces us to include two diagrams 




in the gauge flips for // WW. But then also the diagram with a triple gauge 
boson vertex has to be included and finally we obtain the correct set of fiips: 




(8.1.4) 



8.1.2 Elementary flips in spontaneously broken gauge the- 
ories 

The discussion in section 8.1.1 can easily be generalized to the other elementary 
gauge flips since the argument did only depend on the structure of the STIs 
for the WWH and W(j)H vertices. Considering the remaining vertices, we only 
used the fact that they satisfy the appropriate STIs. Therefore the conclusions 
apply also for the other elementary flips with at least two gauge bosons and thus 
we have to include the Higgs exchange diagram in all gauge flips. For example, 
the Higgs exchange diagrams have to be included in the gauge flips for 4 gauge 
bosons. All flips including new elementary gauge flips for gauge-Higgs boson 4 
point functions are displayed in appendix E. 

As another example, we discuss the flips for the 4 point amplitude for // — > 
WH. Here the internal Higgs bosons contribute to the Ward Identities (see 
appendix F.2.3) , so no confusion can arise and it is clear that Higgs exchange 
diagrams have to be included in the gauge flips: 




(8.1.5) 
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4 particle diagrams with only external Higgs bosons or fermions are always gauge 
parameter independent by themselves, so we have to introduce another class of 
flips, that plays a role similar to the flavor flips and might be called 'Higgs flips'. 
They consist of all diagrams contributing to the // HH amplitude and to 
the 4ff amplitude and are given in equations (E.2.2). 

The forest for a given set of external diagrams is now defined as the set of 
diagrams connected by flavor, Higgs and gauge fiips while the definition of the 
groves remains as before. 

8.1.3 Flips for nonlinear realizations of the symmetry 

Apart from the linear parametrization of the scalar fields (5.1.3) used in the 

parametrization of chapter 5, one can also introduce a nonlinear realization 
of the symmetry [65] as is reviewed in appendix B. In this parametrization, 
the Higgs bosons are not connected to the symmetry breaking mechanism but 
merely additional matter particles. 

The appearance of new groves in nonlinear realizations is very plausible 
if one considers the nonlinearly realized elcctroweak Standard Model [66, 67]. 
Here the Higgs boson transforms trivially under gauge transformations and can 
be removed from the theory. The trivial transformation law implies that the 
diagrams without Higgs bosons are gauge invariant by themselves, in contrast 
to the linear parametrization. Therefore one can simplify the elementary gauge 
flips be omitting the internal Higgs bosons. 

It is not obvious that these rather general arguments carry over to theories 
with a more complicated Higgs sector where the Higgs bosons transform non- 
trivial under the unbroken subgroup. We show in appendix B.2 for a general 
nonlinear realized symmetry that the STI for the WHcp vertex becomes trivial 
at tree level. Therefore, according to the discussion in section 8.1.1, the Higgs 
exchange diagrams have not to be included in the gauge flips without external 
Higgs bosons. One can introduce a new class of flips that consist of the diagrams 
not needed for the gauge flips, i.e. 




(8.1.6) 



for the AW function and 




(8.1.7) 



for the 2 fermion- 2 gauge boson function. These 'Higgs exchange flips' have to 
be included in the definition of the forests while the groves are still defined as 
the sets of diagrams connected by gauge flips only. 

As we discuss in appendix B.2, the simplification only effects the WWH 
vertex while the STI for the WHH vertex is similar to the linear realization. 
Thus diagrams with internal Higgs bosons can not be neglected if a WHH 
vertex appears. This affects flips with external Higgs bosons in theories with 
general Higgs sectors. 
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In the flips of equation (8.1.5) the internal Higgs appears with a WHH 
vertex so it has to be included in the gauge flips. In contrast, in the flips for 
the WWHH subdiagrams (E.l.lf) the diagram 



includes the HWW vertex and has not to be included in the gauge flips for 
nonlinear realizations of the symmetry. All the relevant flips for nonlinear real- 
izations are again listed in appendix E. 

The reduced number of gauge flips has also interesting consequences for 
unitarity gauge. In appendix C.2 we have defined unitarity gauge as the limit 
^ — > oo of the linear realized theory in i?^ gauge. Since it can be equivalently 
obtained from nonlinear realized symmetries by transforming the Goldstone 
bosons away [59], it follows that the groves obtained from the reduced sets of 
flips are also consistent in unitarity gauge, i.e. they satisfy the appropriate Ward 
Identities. Of course it is not sensible to speak of 'gauge invariance classes' in a 
fixed gauge but this result at least indicates that no numerical instabilities due 
to violations of Ward Identities appear. 

8.2 Structure of the groves 
8.2.1 Linear parametrization 

To analyze the groves in spontaneously broken gauge theories, we have im- 
plemented a spontaneously broken, nonabelian gauge theory in the program 
bocages [35]. As an example, we consider the amplitude for the process // — !■ 
ffH. The only new features compared to the QCD example qq qqg from 
equation (2.4.3) are single diagram groves that consist of diagrams without 
gauge bosons. The remaining groves are similar to the groves in QCD with the 
external gluon replaced by a Higgs boson. An example is shown in figure 8.1. 
Similarly, in the process // ^ ffW there appear only two groves like in the case 



Figure 8.1: t-channel grove for // — > ffH in a spontaneously broken gauge 
theory 

of QCD discussed in section 2.4.2 they include, of course, additional diagrams 
involving Higgs bosons. 
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Apart from the one-diagram groves, the Higgs flips (E.2.2) don't lead to 
additional groves. If there is one gauge boson in a diagram, the gauge flips can 
always be used to flip to diagrams with more than one internal gauge boson. 
For example the diagrams 




are connected by a gauge flip from equation (8.1.5). 

It turns out that this is the generic structure: the only new groves compared 

to the case of unbroken gauge theories consist of one diagram each, where all 
internal particles are Higgs bosons. The remaining diagrams fall in the same 
groves that were discussed in section 2.4. 

Since the Higgs-fcrmion Yukawa couplings are proportional to the fermion 
masses, the coupling of the Higgs boson to light fcrmions is usually set to zero 
in practical calculations. Of course this is a consistent approximation if the 
masses of light fermions are also set to zero. From figure 8.1 we see that the 
set of diagrams obtained by neglecting the coupling to light fermions in general 
does not correspond to a gauge invariant subset if the fermion masses are not 
set to zero. In general, the numerical instabilities caused by this inconsistency 
are negligible but there can be some small corners in phase space where they 
become relevant. 

8.2.2 Nonlinear realizations 

In the case of nonlinear realized symmetries, the gauge flips simplify as we have 
shown in section 8.1.3 so there is a more interesting structure of the groves than 
in the case of linearly parametrized scalar sectors. 

As a first example, we consider the process // ^ IfW. Let us discuss the 
case of a single Higgs boson in a nonlinear parametrization first. In this case the 
Higgs boson is a singlet under the unbroken symmetry group and there there 
is no HHW vertex. We see from the gauge fiips in equations (E.1.1) that in 
this case the gauge flips 'conserve' Higgs number in the sense that only external 
Higgs bosons appear. Therefore gauge flips cannot change the number of Higgs 
bosons and the groves can be classified according to the number of internal 
Higgs bosons. 

We find that the amplitude for // ffW can be decomposed into 6 
groves instead of the 2 appearing in unbroken gauge theories and in the lin- 
ear parametrization of spontaneously broken gauge theories. Two groves are 
'gauge groves' consisting of 5 diagrams without internal Higgs boson that look 
exactly like in QCD (2.4.3). The remaining groves are 'mixed groves' with one 
internal Higgs boson. An example of a mixed grove is given in figure 8.2. Here 
all diagrams are proportional to the coupling of the Higgs to one fermion pair, 
but this is not always the case as we will see below. In this example, two mixed 
groves correspond to one gauge grove. This additional structure arises because 
there is no gauge flip between the two diagrams 




(8.2.1) 
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Figure 8.2: Mixed grove for // ffW for a singlet Higgs 

In a nonlinear realization of a more complicated Higgs sector, the Higgs 
bosons transform according to a linear representation of the unbroken subgroup 
and therefore couple to the massless gauge boson through HHW vertices. This 
enables an indirect flip between the two diagrams from (8.2.1) since the flips 
(8.1.5) have to be included in the gauge flips also in the nonlinear parametriza- 
tion: 




(8.2.2) 



We see that the 'Higgs conservation' in the gauge flips breaks down. Therefore 
the appearance of Higgs bosons charged under the unbroken subgroup reduces 
the number of groves. One finds that mixed groves are still present, however, 
in general only one mixed grove corresponds to a gauge grove and they don't 
contain a fixed munber of Higgs bosons. 

The same structure is found in amplitudes with more external particles. Let 
us first consider the 6-fermion amplitude. For a single Higgs boson, 18 mixed 
groves are obtained by inserting a fermion-antifermion pair via a Higgs boson 
in all possible places in the gauge groves of the 4/ amplitude. An application to 
the process e+e" — > bbtt that is relevant for the measurement of the top Yukawa 
coupling is shown in figure 8.3. Again all the diagrams in the mixed groves are 
proportional to the coupling of the Higgs to one fermion pair. For a general 
higgs sector, because of the additional flips as in equation (8.2.2) only 6 mixed 
groves remain, corresponding to the gauge groves. 

As a final example we discuss the amplitude // — » ffWW. For a single 
Higgs boson, the Higgs number conservation leads to the appearance of 2 mixed 
groves with 2 Higgs and one gauge boson. One example is shown in figure 8.4. 

Furthermore, apart from 2 gauge groves (and several one diagram groves), 
there are 10 mixed groves with one Higgs boson. In the example shown in 
figure 8.5, th grove is obtained by inserting the external gauge boson pair via 
the Higgs boson into the // ^ // amplitude. Therefore all diagrams of this 
grove are proportional to the gauge boson-Higgs coupling. However, in general 
it is not true that all mixed groves are proportional to one Higgs coupling. An 
example is provided by the three diagrams 




(8.2.3) 



that are connected by flips from equation (8.1.5) and that have no Higgs coupling 
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t e- 



t e- 



b e^ 



b e+ 



b e 



t e^ 



Figure 8.3: Mixed grove in the e+e > bbtt amplitude 



'xz K 



Figure 8.4: Mixed grove with 2 Higgs bosons in the 4 fermion 2 gauge boson 
amphtude 




Figure 8.5: Mixed grove in the 4 fermion 2 gauge boson amphtude 
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in common. Again, in a more general Higgs sector with HHW vertices the 
'Higgs conservation law' breaks down and only 2 mixed groves remain. 



8.2.3 Numerical checks 

We have checked the consistency of the groves discussed in the previous sections 

in the Standard Model numerically. We have generated the matrix elements 
for processes with up to 6 external fermions using 0'Mega[3, 4]. We use the 
following criteria: 

• comparison of unitarity and gauge. The error quoted is the relative 
difference of the squared matrix elements: 



<5rel = 



\M{Ur-\M{R^)\'' 
\M{U)\^ + \M{R^W 



1.2A) 



violation of the Ward Identities for the internal (and external gauge bosons). 
The error quoted is the quantity 



3rel 



5.2.5) 



where ||a;|| denotes the euclidean norm of Lorentz- vectors, (see section 7.2) 

In table 8.1 we show the results for the 'gauge groves', obtained by setting all 
Higgs couplings to zero. As expected, this is consistent in unitarity gauge, i.e. 
all Ward Identities are satisfied. In gauge, the Ward Identities for Green's 
functions with 4 external particles are satisfied while the Ward Identities with 
5 external particles are violated badly. This has to be expected, since according 
to the discussion in section 8.1.1 the 4 particle gauge boson exchange diagrams 
satisfy the Ward Identity, but the 4 point diagrams with external Goldstone 
bosons that appear in the 5 point fimctions violate the Ward Identities. Starting 
from the 6 point functions, these violations of the 5 point Ward Identities cause 
inconsistencies between the matrix elements in unitarity gauge and R^ gauge. 
Similar results are obtained for the 'mixed groves' that can be obtained by 



Process 


U 






WI (U) 


WI (i?e) 


bb W+W- 




V 




V 


V 


dd tbW- 




V 




V 


Srel = 0(1) 


dd tttt 




0(10- 




V 


Srel = 0(1) 


dd -> ttbb 


' = 


0(10- 




V 


Srel = 0(1) 


dd tbbbW- 


Srel = 


0(10- 




V 


Srel = 0(1) 


dd^bbbbW-W+ 


<^rel 


0(10- 




V 


Srel = 0(1) 



Table 8.1: Consistency of the gauge groves 



setting all internal Higgs boson but one to zero. 



Chapter 9 

Finite width effects 



In section 2.5 we have seen that the use of a naive Breit-Wigner propagator for 
unstable gauge bosons violates gauge invariance. We will review this problem in 
more detail in this chapter and study several suggested solutions numerically. In 
section 9.1 we will discuss briefly that even a careful field theoretic treatment of 
unstable gauge bosons in nonabelian gauge theories leads to violations of gauge 
invariance. 

In section 9.2 we describe several simple schemes for the description of finite 
widths effects that have been introduced in the literature and their properties 
with respect to gauge invariance. 

In section 9.3.1 we compare these schemes numerically at the matrix element 
level and in section 9.3.2 we present our numerical results for cross sections in 
these schemes obtained with 0'Mega[3, 4] and WHIZARD [8] in the single W 
production process. 

9.1 Dyson summation and violation of Ward Iden- 
tities 

In quantum field theory, finite widths of unstable particles arise from imaginary 
parts of self energies. If one writes the full inverse propagator as 



with the self energy 11$ and the free propagator D^, then the propagator is 
given by 



Therefore the solution of the so called Dyson equation (9.1.1) corresponds to a 
resummation of Feynman diagrams: 



-T^p^) = Di\p^) ^ Dl \p^) - in$(/) 



(9.1.1) 




(9.1.2) 



— ^ — 
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For the simple case of a scalar particle we obtain as resummed propagator 



p2 _ ^2 _|_ n(p2) 



(9.1.3) 



Defining the physical mass of the particle as the real part of the pole of the 
propagator 

= - Ren{M^) (9.1.4) 



and the width as 



r = -^imn(M2) 



(9.1.5) 



we can approximate the resummed propagator near the pole by a Breit-Wigner 
propagator 

^^- .^-M^iMr ^'-'-'^ 

In the case of massive gauge bosons, the sohition of the Dyson equation is 
more complicated because of the Lorentz structure of the propagator and the 
self energy. 

Introducing the decomposition of the self energy into a transverse and a 
longitudinal part, 



the resummed propagator in unitarity gauge is given by: 



(9.1.7) 



D 



w 



IP' 



m2 + n^ 



w 



(9.1. 



In gauge, the gauge- Goldstone boson mixing by loop effects has to be taken 
into accovmt and the Dyson equation becomes a matrix equation (sec e.g. [41]). 

The resummation of self energies takes a special class of Feynman diagram 
into account at all orders perturbation theory, while neglecting other diagrams. 
This mixing of different orders of perturbation theory violates gauge invariance. 
We have seen already in section 2.5 that the Breit-Wigner propagator of a gauge 
boson violates the STI for the triple gauge boson vertex and this is also true 
for the solution of the Dyson equation (9.1.8). It is even true that the STI 
are violated if all radiative corrections corrections in fixed order arc included. 
Because of the nonlinearity of the STI for the effective action (3.2.7), the vertices 
calculated from the effective action to n loop order don't satisfy simple Ward 
Identities. Therefore the Green's functions calculated with the effective vertices 
and resummed propagators at the n-loop level violate the STIs at the next order 
of perturbation theory. 



9.2 Simple schemes for finite width effects 

We now turn to the description of simple schemes that have been proposed 
in the literature to include finite width effects in tree level calculations on a 
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effective level [21 25]. We have implemented all these schemes in O'Mcga. A 
numerical comparison is given in section 9.3.1 and section 9.3.2. Finally we 
will give a very brief overview of schemes that have been proposed to introduce 
Dyson-resummed propagators without violations of gauge invariance in loop 
calculations [29-32]. 



9.2.1 Step width 

Apart from the violation of gauge invariance, another unphysical feature of the 
propagator (2.5.1) is the use of a width even for spacelike momenta < 0. This 
is unphysical because the self energy cannot develop an imaginary part below 
the threshold for W decay. As a simple way to take this into account, the so 
called step width scheme proposes to replace the fixed width in (2.5.1) by a step 
function 

mT mVe{q^) (9.2.1) 

Unfortunately, this doesn't improve gauge invariance since the Ward Identity is 
still violated. In fact the use of the step function turns out to worsen problems 
with gauge invariance. For small scattering angles of the electron in single W 
production, disastrous results are obtained (see section 9.3.1). However, it was 
found recently that the step with scheme seems to lead to consistent results in 
6 fermion production [27]. 



9.2.2 C/(l) restoring schemes 

To restore f/(l) gauge invariance while keeping finite width effects several schemes 

have been proposed: 

Fixed width scheme The simplest proposal is the so called fixed width scheme 
[21] i.e. the replacement — > — iMw^w everywhere in the prop- 
agator: 

This satisfies the QED Ward Identity if a constant width is used, the use 
of step width still violates gauge invariance. SU{2) gauge invariance is 
violated in any case, nevertheless stable numerical results were obtained 
in single W [29] and 6 fermion production [27] even for high energies. 

Running- Width-Scheme If one keeps only the imaginary part of the self- 
energies and takes the fermions in the loop as massless one can approxi- 
mate [23] 

ImHT = -Fm/ti— = -9^71^ ImnL=0 (9.2.3) 
Mw 

Plugging this into the resummed propagator (9.1.8) yields 

1 f.u. I^'f 



iD^ = -, ^^^U'^--^(l + i7) (9.2.4) 

The QED Ward Identity can now be satisfied if the WW j-veitex is mod- 
ified by a factor (1 -|- 17). This factor can also be derived from the explicit 
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calculation of the fcrmion triangle vertex correction to the WWj-vcrtex 
[23]. The use of the width for non-timelike momenta cannot be avoided 
in order to keep electromagnetic gauge invariance. 

The running width scheme violates SU{2) and is known to lead to results 
wrong by several orders of magnitudes at high energies [27, 29]. 



9.2.3 SU (2) restoring schemes 

Overall Scheme A rather ad hoc proposal is the so called overall factor scheme 
[22]. (sometimes also called fudge faetor scheme). The Feynman diagrams 
are evaluated with propagators with vanishing widths, so gauge invariance 
is manifest. Then the complete matrix element is multiplied by a factor 

P'"^" (9.2.5) 



— rv? + \mT 

for every propagator that can become resonant. This scheme treats the 
resonant diagrams correctly, non-resonant diagrams are not treated prop- 
erly, however. 

Complex Mass Scheme A more sophisticated version of the fixed width scheme, 
that ensures also SU{2) gauge invariance, changes the Feynman rules by 
replacing the gauge boson masses by complex masses 

Mw,z ^ M^,z - iMw,zTw,z (9.2.6) 

everywhere in the theory [24]. This implies for example the use of a 
complex Weinberg angle 



Similarly, the widths of top quarks [26] and Higgs bosons can be taken into 
account. This scheme is manifestly gauge invariant, however the physical 
content of the complex Feynman rules is rather unclear. 

Effective (nonlocal) Lagrangian This method [25] gives a prescription to 
modify the vertices of the theory so SU{2) gauge invariance is satisfied 
also for running widths. To describe running widths in a manifestly gauge 
invariant way, nonlocal terms involving Wilson lines 

U{x, y) = Pe-'s/" (9.2.8) 

are added to the Lagrangian. 

The selfenergy of gauge bosons is introduced by a term 

Snl = IJ d''xd^i:w{x-y)Tr[U{y,x)TaF;,{x)U{x,y)nF''^''{y)] 

(9.2.9) 

The derivation of the resulting Feynman rules is rather lengthy and we 
quote the results from [25]. The gauge boson propagator is given by 

= (9'- - ^ (1 + ^{q'))) (9-2.10) 
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and the addition to the triple gauge boson vertex becomes 



E 



-. Mi /' 

e,,fcS(p?) ( -A^-^^^Hft) + ^^23^^^"*"^ (ft,*) 1 (9.2.11) 



Permutations 

with 



r^'^(p,9) = (p-9)5^'^-pV (9.2.12) 
A^''•'P{p) = gi^^pP - g^'Pp" (9.2.13) 

To apply this scheme to six fermion production processes, one has also to 
modify the quartic gauge boson vertices [25]. In our implementation in 

O'Mega, we use 

^w{q')=i^Oiq') (9.2.14) 

so — apart from the step function — the propagator is the same as in the 
running width scheme given in equation (9.2.4). 

Recently the nonlocal vertex scheme was matched to the full fermion loop 
scheme [28] . It was found that for low energies the scheme underestimates 
the cross section compared to the full fermion loop scheme while for large 
energies problems with unitarity appear. A modification was proposed 
to overcome this problems by adding an additional solution of the Ward 
Identities to the the vertices in order to yield better agreement with the 
full fermion loop results. 

We remark that is inconsistent to use gauge bosons as external on-shell particles 
in the complex mass scheme and the nonlocal vertices scheme. To satisfy the 
Ward Identities, the gauge bosons must be on the 'complex mass shell' = 

Myy + iMw^w in the complex mass scheme and = in the nonlocal 

vertex scheme, respectively. 



9.2.4 Loop schemes 

In background field gauge on can exploit the fact that the effective action satisfies 
a simple linear Ward Identity order by order in perturbation theory [31, 41] and 
that therefore Dyson summation doesn't violate the Ward Identities. However, 
to use this scheme in practical calculations, one has to calculate all diagrams 
with a given number of loops to obtain a gauge invariant result. 

The fermion loop scheme [29] proposes to include all fermionic 1 loop dia- 
grams. The gauge invariance of this scheme can be derived in different ways. A 
simple way is to use the fact that one can freely introduce additional fermion 
families without destroying gauge invariance. This argument is similar to the 
flavor selection rules discussed in section 2.4. The gauge invariance follows also 
from the background field method [31] and from the application of the formalism 
of gauge flips to loop diagrams [19] . The fermion loop scheme has been applied 
to calculations for 4 fermions in the flnal state [29, 33, 34] but is insufficient for 
6 fermion production at large energies [27] where also boson loops have to be 
taken into account. 

Both the background field method and the fermion loop scheme require 
the calculation of loop diagrams and thus go beyond the present capabilities 
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of O'Mcga. Therefore they wiU not be considered further in this work. We 
mention that there are other schemes Uke the pole-scheme [30], and the pinch 
technique [32] that we don't consider here for the same reason. 



9.3 Numerical results for single W production 

The violation of gauge invariance for finite widths plays an important role for 

single W production in the process ee eDeud[20], where we get a contribution 
from the Feynman diagram displayed in figure 9.1. 




e e 
Figure 9.1: Single W production 

For small scattering angles of the electron, the photon propagator 

^^"^ l-C0Se2 

becomes large and a tiny violation of gauge invariance is blown up with possible 
dramatical consequences for the numerical stability. 



9.3.1 Compcirison of ]V[atrix elements 

To investigate the violation of gauge invariance and compare the different schemes 
discussed in section 9.2 in the process ee ev^-ud, we have written a simple 
event generator that evaluates the complete scattering matrix element gener- 
ated by O'Mega, using momentum configurations where the single W diagram 
of figure 9.1 dominates and where the violation of U{1) gauge invariance be- 
comes relevant. This allows to obtain a qualitative comparison of the different 
schemes on the matrix element level and to discuss the behavior of the matrix 
elements as a function of the scattering angle and the center of mass energy. 
For the quantitative comparison of the cross sections in section 9.3.2 we will use 
the phase space generator WHIZ ARD [8] . 

Our program allows to give the center of mass energy and the scattering 
angle of the electron and generates the remaining variables according to ran- 
dom distributions. The squared momentum py^ of the W~ is generated with a 
Lorentz distribution 

In the following, we take the complex mass scheme as a reference scheme 
since it is manifestly gauge invariant and numerically stable. To make com- 
parisons with the other schemes, we generate a sample of phase space points 
{Ili{s,9e)} with a given center of mass energy and electron scattering angle. 
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The expectation value of an observable in a sample of N events is given by 

(O(s,0e)) = ^EW(s,^e)) (9.3.2) 

i 

We measure the deviation of a given scheme S to the complex mass scheme 
using the observable 

As-CM{S,Oe) = TJ-p2 — X [9.6.3) 

For clarity of the figures, we don't include the errorbars for the uncertaintiy of 
the numerical integration that is responsible for the fluctuations. From figure 9.2 
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Figure 9.2: Comparison of different schemes with the complex mass scheme in 
the process ee — > ePeud according to equation (9.3.3) at -/s = 800 GeV for 
small angles 



we can see that at 800 GeV and for small scattering angles the complex mass 
and the fixed width scheme agree at the per mille level while the overall scheme, 
the timelike scheme with correction factor for the 'yWW vertex and the nonlocal 
vertex scheme agree at the per cent level. 

The step width scheme shows deviations ranging from 0(1) for scattering 
angles 9^ ~ 1° to catastrophic divergences for 9^ 0. 

At large scattering angles, shown in figure 9.3 we obtain a different picture: 
while deviations of the nonlocal vertex and the overall scheme from the com- 
plex mass scheme are approximately independent of the scattering angle, the 
step width scheme shares the good behavior of the fixed width scheme at large 
scattering angles — contrary to the behavior at small angles. 
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Figure 9.3: Comparison of different schemes with the complex mass scheme in 
the process ee eueud according to equation (9.3.3) at -/s — 800 GeV for 
-180° <e < 180° 
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In contrast, the running width scheme shows deviations of 0(1) at large 
scattering angles while it is consistent for small angles. 

Note that at large scattering angles, our sampling of the phase space might 
not be realistic, since other diagrams than the single W production become 
important. However, the observations made in this section are supported by the 
numerical results for the cross sections and angular distributions for unweighted 
events obtained with WHIZARD discussed in section 9.3.2 

Considering the behavior as a function of energy, shown in figure 9.4 at 0.01° 
and in 9.5 at 10°, we see that the step width scheme shows increasing agreement 
with the complex mass scheme while the nonlocal vertices scheme becomes more 
inconsistent. The behavior of the step width scheme can be understood from 



1000 



constant width 

overall scheme 
running width (with correction) 
nonlocal vertices 

step width 



sqrt s/GeV 



Figure 9.4: Comparison of different schemes in the process e e"*" 
with the complex mass scheme as a function of ^/s a.t 9 = 0.01° 



10000 



e Veud 



the fact that the violation of the Ward Identity gets enhanced by a factor 

1 



E^{1 - cos( 



(9.3.4) 



from the photon propagator, so one can expect dropping inconsistencies with 
growing energy. 

The deviations of the running width scheme with vertex corrections from the 
complex mass scheme are approximately independent of the energy for a small 
scattering angle but show a similar energy dependence as the nonlocal vertex 
scheme for larger angles. 

To summarize our discussion, we have found that for all scattering angles 
and center of mass energies the complex mass and the fixed width scheme agree 
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Figure 9.5: Comparison of difFerent schemes in the process e 
with the complex mass scheme as a function of ^/s a.t 9 = 10° 



at the per miUe level while the overall scheme shows agreement at the per cent 
level. 

In contrast the timelike scheme is totally unreliable for small angles while 
the inconsistencies of the running width scheme grow with energy. The nonlocal 
vertex scheme shows deviations growing with the energy from 0(1%) to 0(10%). 

9.3.2 Results for cross sections 

To obtain a quantitative comparison among the different schemes and to com- 
pare with existing calculations in the literature, we have performed a phase 
space generation of the O'Mega matrix element using the phase space and event 
generator WHIZ ARD [8]. 

In the case of single W production, apart from the simple tree level schemes, 
numerical results have also been obtained in the full fermion loop scheme [29, 
33, 34]. We compare our results to those of [29] for the case of large scattering 
angles and to those of [34] for small scattering angles. 

To compare with the results of [29], we use the so called 'canonical LEP 
cuts' from [72], i.e. 

10° <6e< 180° (9.3.5a) 
> 1 GeV (9.3.5b) 
E^,Ed>iGeY (9.3.5c) 

and the same input parameters as [29]. Our results are shown in table 9.1. We 
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200 GeV 


500 GeV 


1 TeV 


2 TeV 


10 TeV 


FW 


0.709 (1) 


0.3736 (7) 


0.2725 (6) 


0.1992 (4) 


0.03162 (9) 


CM 


0.707 (1) 


0.3729 (7) 


0.2712 (6) 


0.2001 (4) 


0.03148 (7) 


RW 


0.708 (1) 


0.3740(7) 


0.2772 (6) 


0.2139 (5) 


0.3850(4) 


NV 


0.709 (1) 


0.3735 (7) 


0.2719 (6) 


0.2005 (5) 


0.0441 (1) 


FW [29] 


0.7062 (8) 


0.3734 (11) 


0.2709 (17) 


0.1965 (19) 


0.0305 (6) 


RW [29] 


0.7045 (10) 


0.3736 (11) 


0.2763 (17) 


0.2176 (19) 


0.5261 (10) 


MFL [29] 


0.7060 (6) 


0.3713 (11) 


0.2705 (17) 


0.2000 (19) 


0.0306 (6) 


FL[29] 


0.7177 (7) 


0.3776 (11) 


0.2797 (17) 


0.2076 (17) 


0.0326 (6) 



Table 9.1: Cross section (pb) of e e+ — > e VeUd for 9^ > 10° 



obtain a reasonable agreement with existing results in the fixed with and the 
running width scheme. At small energies, all schemes agree with the complex 
mass schemes, while at 10 TeV the running width scheme is wrong by an order 
of magnitude. The nonlocal vertex scheme shows shows discrepancies of the 
order of 30%. 

Comparison with the fermion loop scheme and the minimal fermion loop 
scheme (MFL) that considers only imaginary parts of the loop diagrams, shows 
that no effective scheme is able to approximate the full fermion loop scheme 
while the MFL gives comparable results comparable to the fixed width scheme. 
Similar results have been obtained in [33]. 

In 9.2 we show our results for a scattering angle 

0.1° < 6ie < 180° (9.3.6) 
while the remaining cuts and input parameters are the same as before. 





200 GeV 


500 GeV 


1 TeV 


2 TeV 


10 TeV 


FW 


0.790 (2) 


0.803 (2) 


1.103 (3) 


1.496 (3) 


2.103 (5) 


CM 


0.791 (2) 


0.805 (2) 


1.108 (3) 


1.494 (4) 


2.094 (5) 


RW 


0.789 (2) 


0.804 (2) 


1.107 (2) 


1.504 (4) 


2.468 (6) 


NV 


0.788 (2) 


0.801 (2) 


1.109 (3) 


1.498 (5) 


2.289 (7) 


TL 


1.538 (3) 


1.218 (3) 


1.276 (4) 


1.554 (5) 


2.101 (6) 



Table 9.2: Cross section (pb) of e e+ — > e Ueud for 9e > 0.1° 



To compare to the results for the fermion loop scheme at small angles [34], 
we use the input parameters and the cuts from [34] i.e. 

cos0e> 0.997 (9.3.7a) 
M{ud) > 45 GeV (9.3.7b) 

The results are shown in table 9.3. From tables 9.1, 9.2 and table 9.3 we see a 
qualitative agreement with the results of section 9.3.1: The step width scheme is 
wrong by 0(1) at small energies and scattering angles and gets better for growing 
energies. In contrast, the running width scheme shows drastic deviations for 
large scattering angles and high energies. 
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200 GcV 


500 GcV 


1 TcV 


2 TeV 


10 TeV 


Fixc'd Width 


0.1161 (9) 


0.881 (5) 


2.03 (1) 


3.59 (2) 




Coiupk'x Alass 


0.118 (1) 


0.807 (4j 


2.03 (Ij 


3.68 (7) 


4.2 (4) 


Running Width 


0.1173 (7) 


0.871 (4) 


2.018(8) 


3.61(4) 


7.4(2) 


Nonlocal Vertices 


0.1178 (8) 


0.895 (7) 


2.07 (4) 


3.64 (3) 


6.6(3) 


Fixed Width [34] 


0.11977 (67) 










FL [34] 


0.11367 (8) 











Table 9.3: Cross section (pb) of e e"*" — > e Veud for cos 0e > 0.997 



The nonlocal vertex scheme shows discrepancies for high energies that are 
10% — 50% and therefore don't depend drastically on the scattering angle. 
This is also in agreement with the results from section 9.3.1 and confirms the 
violations of unitarity reported in [28]. 



Chapter 10 

Effective coupling constants 



10.1 Running coupling constants and effective 
Weinberg angle 

In section 9.1 we have considered the imaginary part of the self-energy to include 
finite width effects via Dyson summation. Wc will now discuss the effects of the 
real part of the self energies and vacuum polarizations, that leads to running 
coupling constants and masses. 

In QED, due to the Ward Identity the vacuum polarization is purely trans- 
verse 

= q^IL^{q^) {g^- - q'^q-) (10.1.1) 

and the radiative corrections to the photon propagator can be taken into account 
by defining the running coupling constant 

In nonabclian gauge theories, the rcsummation of the vacuum polarization is not 
sufficient for the definition of a gauge independent running coupling constant. 
This is possible using the Callan-Symanzik equation (see e.g. [40]) provided a 
suitable renormalization scheme is used [63, 73] but we will not go into this any 
further. 

A gauge invariant prescription to include the running coupling constants is 
to replace 

g ^ .g(Q2) (10.1.3) 

with the same everywhere in the scattering amplitude where is a typical 
scale of the order of the momentum invariants in the scattering process (see 
e.g. [40]). This so called 'improved perturbation theory' allows to absorb large 
logarithmic corrections from loop diagrams in tree level amplitudes. 

If one introduces running coupling constants directly in the Feynman rules, 
the coupling appears at different vertices with different momenta and this dis- 
turbs the gauge cancellations that involve different Feynman diagrams. As in 
the case of finite width effects, a gauge invariant prescription for running cou- 
pling constants is given by the fermion loop scheme [29]. Furthermore, it is 
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consistent to take the different momentum scales in different groups of Feyn- 
man diagrams into account by using different values oi g{Q^) in different gauge 
invariance classes of diagrams. 

In theories which contain several gauge groups with independent coupling 
constants, additional problems occur. As an example, we consider the elec- 
troweak Standard Model that we have briefly reviewed in section 5.5. 

The Weinberg angle enters several observables that can be used to determine 
its value in an experiment. For example, equation (5.5.4) allows to determine 
the so called 'on-shell' value of sin^^ from the measured gauge boson masses 
[1] 

2 

sin^ = 1- ^ = 0.22278 ± 0.00036 (10.1.4) 

Alternatively, in equation (5.5.8) the Weinberg angle enters the Z-boson fermion 
coupling 



^3 (1-7") 
2 



Qsin Ou 



(10.1.5) 



in a form that allows for a measurement from forward-backward asymmetries. 
A third possibility is the expression in terms of the Fermi constant, determined 
from the muon lifetime: 

Gf sin^ cos^ 

—F= = T. 5- = 7. (10.1.6) 

On tree level, all these definitions agree, while the inclusion of radiative cor- 
rections leads to deviations from these expressions [1, 40, 62]. The corrections 
introduce a dependence on the top quark and Higgs mass and therefore on un- 
known or not precisely measured quantities. For example the definition from the 
Z-fermion vertex (10.1.5) receives radiative corrections from photon-Z mixing 
as shown in figure 10.1. The theoretical prediction for the effective Weinberg 




Figure 10.1: Effective fermion-Z vertex 

angle entering the asymmetries [1]: 

sin^ 6*;; = 0.23143 ± 0.00015 (10.1.7) 

therefore differs from other definitions. 

Several schemes for input parameters in the Standard Model can be used 
[1, 62]. The on-shell scheme maintains the relation (10.1.4) in all orders per- 
turbation theory while the remaining expressions arc modified. Other schemes 
based on equation (10.1.5) or (10.1.6) lead to a violation of this identity. These 
violations are parametrized by the so called p parameter: 

cos6'^— = p-2 (10.1.8) 
rnw 

The advantage of schemes different from the on shell scheme is that they allow 
the determination of sin 9^) from input parameters that can be measured with 
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greater precision than the W mass. Currently, the most accurate determination 
[1] 

sin^ 61^^ = 0.23105 T 0.00008 (10.1.9) 

comes from equation (10.1.6). However, it is inconsistent to use this value to- 
gether with the measured value of the gauge boson masses in tree level calcula- 
tions since gauge cancellations rely on the relation (10.1.4). We will demonstrate 
this in the following sections. If one uses the experimental value (10.1.9) as input 
parameter together with the Z mass, one has to treat the W-mass as dependent 
parameter, different from its on-shell value. 

We list some consistent tree-level schemes of input-and dependent parame- 
ters: 

The on-shell scheme: 

{cQgQ — mw. 
_ (10.1.10) 
9 — sin 

This scheme is currently implemented in 0'Mega[3, 4]. 
The Gf scheme: 



Gf, niw, mz 



cose,,, = ^ 



VV2Gf (10.1.11) 
g = 2\/ V2GFmw 



This is the standard option of WHIZARD [8]. 

To use sin from (10.1.9) as input, one has to eliminate Tn\Y from the 
input parameter set, e.g. by 

. 2q jmw = cose^mz i 1o^ 

e, sm Oyj,mz ^ < ^ (10.1.12) 

[9 = 



10.2 Cubic vertices involving Goldstone bosons 

In this section and the next, we will investigate the consequences of an incon- 
sistent scheme of input parameters, for example using the Weinberg angle as 
additional /ree input parameter in (10.1.10): 

1 ^],mw,mz,g=^-^ (10.2.1) 

m| / sm^ 

Here g could also be determined from mw and Gf as in (10.1.11), the important 
point is that we treat both sin^ and mw as independent input parameters. 

We will first turn to the case of the Goldstone boson couplings. According 
to the results of part II, they are dependent parameters completely determined 
from the input parameters. As we have seen in section 10.1, in the Standard 
Model we have the situation that the 'input parameters' in the sense of chapter 5 
are not independent. 

We will derive a parametrization of the cubic couplings involving Goldstone 
bosons in the Standard Model that respects the Ward Identities of the three 
point functions even if the relation (10.1.4) is violated. In section 10.3 we will 



CHAPTER 10. EFFECTIVE COUPLING CONSTANTS 



103 



see that a similar analysis of the 4 point Ward Identities leads to a complete 
elimination of one of the redundant input parameters. 

According to equations (5.3.3), we can obtain the couplings of Goldstone 
bosons to gauge bosons from the rules 



(10.2.2) 



We now apply this to the WWZ coupling in the Standard Model: 



^zww = -ig cos Oy, a^W+"(W-Z"-W-Z'')-9^W-(W+Z''-W+Z'') 

(10.2.3) 

and find the couplings of the Goldstone bosons that satisfy the 3 point Ward 
Identities: 



±WTZ — ~i 



. g cos ,2 2 \ 



mw 



TW± — 1- 



. g COS 6w mz 
2 mw 



(10.2.4) 



^d)±d>Tz — {—i 



.5 cos 9w m?z ~ 



w 



z^{cp+d^r) 



This is not the parametrization of the Feynman rules usually given in the lit- 
erature. For example, the first line of equation (10.2.4) is given in [43] as^. 



±WfZ 



-igsin O^mz 



-W+^'Z^ 



(10.2.5a) 



that agrees with equation (10.2.4) only for cos0^ = Similarly the rest of 

equation (10.2.4) in the form from [43] are 



^<t>±<j>TZ 



9 



cos 



(i-sin^e„)Z''(<^-S^(/.+ ) 



(10.2.5b) 



and agree with our version obtained from the Ward Identities only for the on- 
shell value of sin^„,. To study the violation of gauge invariance caused by wrong 
expressions for the Goldstone boson couplings numerically, we have investigated 
the process W~^Z — > W~^Z in the Standard Model. We have generated an 
isotropic phase space and averaged the difference of gauge to unitarity gauge 
over the sample, analogous to equation (9.3.3). 

In figure 10.2 we show the results obtained with the Goldstone boson cou- 
pling in terms of the Weinberg angle from equation (10.2.5) as a function of 
at ^/s = 200 GeV and using the effective Weinberg angle as determined from 
equation (10.1.7). Since the violations of gauge invariance get multiplied by the 

^To compare with [43], note that we use a different convention for the phases in the 
Goldstone boson sector to simplify the Ward Identities. Our rules can be obtained from 

[43] by replacing their <f>^ by ^i(f>^. The Feynman rules for the Standard Model with our 
parametrization of the Goldstone bosons have been given in [54] . 



CHAPTER 10. EFFECTIVE COUPLINC CONSTANTS 104 







' 




complete amplitude 

s-channel 










u-ctiannel 


0.01 






i 

m 

I'M 




0.001 






/I • 

1 

V 




0.0001 












0.1 1 10 

xiw 



Figure 10.2: Comparison of and unitarity gauge for Z W^Z at 
= 200 GeV 



unphysical part of the propagator 



(10-2.6) 



p2 - ^t^M^ 

we expect a 'resonance' at the unphysical pole in the s-channel for 



^ ^200^ ^ 



Because of this pole, we have to take the gauge boson width into account. For 
our numerical comparison, we choose the fixed width scheme. The violations of 
gauge invariance caused by this scheme have already been discussed in chapter 9. 
Since the momentum transfer in the it-channel is spacelike, we don't expect a 
pole but instead a ^ dependence of the squared amplitude that becomes oc 
for large 

The expected behavior can be seen clearly in figure 10.2 where we show 
the contribution from the s- and w-channel diagrams alone together with the 
complete amplitude including i-channel Higgs-exchange and the quartic gauge 
boson interaction. 

We see that errors at the order of 1% can arise at the unphysical pole and 
also for ~ where the errors in the u-channel diagram become large. 

As shown in figure 10.3, using the expressions of the Goldstone boson cou- 
plings determined from the Ward Identities (10.2.4) instead, we find perfect 
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agreement if the gauge boson widths are set to zero. We know from the discus- 
sion in section 9.2 that the fixed width scheme violates SU{2) gauge invariance, 
and indeed we find a similar error at the unphysical s-channel pole as in the case 
of the wrong Goldstone boson couplings. The violations of gauge invariance for 
small £^^r in the t-channel are only of the order 10~^, however, so for practical 
purposes the fixed width scheme allows stable calculations over a wide range of 
the gauge parameter. 



1 I , — , — , — , — , — , — , — 

complete amplitude 
correct coupling, constant width 
correct coupling, vanistiing widtti 
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Figure 10.3: Comparison of and unitarity gauge for W^Z W^Z at 
= 200 GeV as a function of 



10.3 Gauge boson couplings 

We have seen, that in the case of a running Weinberg angle the expressions 
of the triple Goldstone boson couplings in terms of the (constant) gauge boson 
masses obtained as solutions of the Ward Identities for the cubic vertices remain 
consistent. 

We will now show that a consistent 'deformation' of the Feynman rules is not 
possible if the Ward Identities for 4 particle functions are taken into account. 
Instead, in the solution of the Ward Identity the Weinberg angle is eliminated 
from the set of input parameters. 

10.3.1 Conditions from Ward Identities 

We will 'reconstruct' coupling constants from the set of input parameters given 
in equation (10.2.1). We use the Lie algebra of the fermion couplings and the 
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invariancc of the Yukawa couplings, that are equivalent to the set of Ward 
Identities obtained from the // WW Ward Identity with one contraction 

(6.2.14) ,with two contractions (6.3.8) and and the // — > WH Ward Identity 

(6.2.15) . This set of Ward Identities can be solved in terms of the parameters 

9 

g-yww = «e 

To evaluate the Ward Identities in the Standard Model, we use form of the 
generators from equation (5.5.8). We begin our analysis by evaluating the Ward 
Identity (6.2.14) for the amplitude e+e~ W+W~ in the Standard Model and 
obtain 

-igzwwgzee + ^d-yvvwe = Qcc ci n Q 

R ■ n (1U.0.2) 

— ^gzWW9zee + ^9lWW& = 

where we have used the explicit form of the triple gauge boson couplings. Sim- 
ilarly, the Ward Identity with two contractions (6.3.8) yields: 

2 1 .A 
9CC = -7, 9HW+W-9Hee " ^gWWZgzee 

(10.3.3) 

^eigieef = --^gHZZgUee 

Finally Ward Identities for e+e~ — > ZH Ward Identity (6.2.15) reads: 

:^gHww = 



-9Hee = ^;^9hww = ^^9hzz (10.3.4) 



Both equations of equation (10.3.2) together can be turned into a condition for 
the axial part of the electron Z-coupling: 

^9cc = -'^9zww9zee (10.3.5) 

The Ward Identities (10.3.3) and (10.3.4) together can be used to derive the 
relations 

2 

/ A \2 ^^Z 2 
^^^-^ 

2 (10-3-6) 

2 ^'^\Y / A \2 • A 
9CC = —\9Zee) - ^gWWZgZee 

Combining the last equation with the result from the Lie algebra (10.3.5) finally 
results in 

8mf^, 

This fixes the Z-fermion coupling (up to a sign) and shows that the introduction 
of a running Weinberg angle is inconsistent. 

Therefore wc sec that all coupling constants appearing in the Ward Identities 
considered in this analysis can be expressed in terms of the parameters (10.3.1) 
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and the masses. Tracing our steps back we find^: 

mw 



^9zww 

9Hee 

9hww 
9hzz 



9cc 
rUe 



mz 



A me 
9 Zee = -—9 



2m z mw 

gHee = 



.nit 



-9Hee = 



9z& 



9z-e 



me 

9lWW9'yee 



—9 
mw 

mz 



9zww 



9 mw 



= '^9zee+9zee = -9 



mz 
mw 



(10.3.8) 



=21 



These are indeed the Standard Model values with an on-shell Weinberg angle. 
To fix the ratio e/g to the on-shell value 



= sin^ Ow = ^ 



i-W 



m% 



(10.3.9) 



one has to consider additional identities like the Ward Identity for the e 
W~Z amplitude that we have not included in our analysis. 



10.3.2 Modification of Feynman rules 

We have seen that the solution of the set of Ward Identities used in section 10.3.1 

doesn't allow the use of an effective Weinberg angle that doesn't satisfy the 
relation (10.1.4)'^. However, it is possible to introduce effective couplings in 
such a way that some Ward Identities are still satisfied. Although, according 
to the famous statement of M.Veltman, working in a scheme that is 'a little 
bit gauge invariant' is as impossible being 'a little bit pregnant', in tree level 
calculations for amplitudes with few external particles such a modification of 
the Feynman rules can yield stable numerical results. 

As a first example consider the e+e^ W^W~ Ward Identity (10.3.2). If 
we use a running Weinberg angle in the ZWW coupling 



gzww = g cos Oyjip^) 



(10.3.10) 



we see that equation (10.3.2) alone allows a running of the Weinberg angle, 
keeping gcc fixed, provided we run also the axial Z coupling, according to 



9zee 



4 cos 6*^(^2) 



(10.3.11) 



However, we have seen that this becomes inconsistent if the remaining Ward 
Identities are taken into account. Furthermore, equation (10.3.2) shows that a 

^In the cases where the Ward Identities determine the coupling constants only up to a sign, 
we choose the same sign as in the Standard Model 

^That doesn't mean one cannot use the Weinberg angle as input parameter. It is consistent 
to use, for example, the measured value (10.1.9) if the W mass is regarded as derived parameter 
according to equation (10.1.4). 
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modification of the vectorial part of the Z couphng by an effective Weinberg 
angle to include the W — Z mixing (10.1.7) results in a violation of the Ward 
Identity. 

Similarly we can try to satisfy the Ward Identity (10.3.3) alone by modifying 
the Higgs-gauge boson couplings. Inserting the values read from the Standard 
Model Lagrangian, we find that the Weinberg angle cancels in the identity for 
e+e" W~^W~ while the identity for e+e" — > W~^W~ gives the condition 



me 



9 



-gnzz 



' cos^ raw ' 
This is satisfied in the standard parametrization [43] 

gmz 



Qhzz 



cos 9u 



(10.3.12) 



(10.3.13) 



only for an on shell value of cos^,„ but if we can use Higgs-Z coupling in the 
form 

9HZZ = ^ (10.3.14) 



niw 



the Ward Identity will be satisfied for an arbitrary value of sin^^- Of course 
by continuing such redefinition, we would arrive at the theory with the on-shell 
value of the Weinberg angle, but it is an interesting question, what can be 
achieved by performing this redefinition for only some of the couplings. There- 
fore we have investigated the modifications of the Feynman rules numerically. 

We will first discuss the violations of gauge invariance caused by the use 
of an effective Weinberg angle (10.1.7) in the fermion-Z coupling and the on- 
shell value (10.1.4) in the remaining Feynman rules. As we can see from the 
numerical results in table 10.1, significant deviations between unitarity and iij 
gauge occur already for light particles in the initial state. 



Process 


u ^ - 1) 


WI 


e+e- -> W+W- 




0(10-^) 


e+e- W+W-Z 


0(10-2) 


0(10-2) 


e+e- htW+ 


o(io-i) 


0(10-2) 


e+e" biud 


o(io-i) 


0(10-2) 



Table 10.1: Effective Weinberg angle in the fermion-Z couplings 



Process 




corrected 


WI 


corrected 


bb^ ZZ 
bb^ZH 
bb bbH 
IJ.-H+ tin 
dd tttt 
bb tttt 


V 
V 

0(10-4) 
0(10-^) 
0(10-6) 
0(10-2) 


V 
V 
V 
V 

0(10-6) 
0(10-2) 


V 

0(10-2) 
0(10-3) 
0(10-2) 
0(10-3) 
0(10-3) 


V 
V 
V 
V 

0(10-3) 
0(10-3) 



Table 10.2: Effects of corrected HZZ couphng 
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We next turn to the case of a Weinberg angle different from the on-shell 
value (10.1.4). The numerical results in table 10.2 show the behavior expected 
from the discussion in section 10.3.1. Wee see that the 4 point Ward Identities 
are violated for the // ZH amplitudes and the // ZZ amplitude with 2 
contractions. The violations of the 4 point Ward Identities cause errors in the 
scattering amplitudes starting from the 5 point functions. This is indeed what 
happens, however in the examples considered, the numerical effects are small 
for realistic processes ^. 

As we have seen in section 10.3.1, the modification of the HZZ Feynman 
rules can save the Ward Identity for // ZH. From the numerical results 
obtained with the modification from equation (10.3.14) we find that this is 
indeed the case and inconsistencies in the amplitudes can be delayed until 6 
point functions are considered. 



*In polarized amplitudes the relative errors in 'forbidden' amplitudes are considerable larger 



Summary and Outlook 



Predictions for scattering processes with a large number of external particles, 
that will become important at future colliders, make automatized calculations 
of scattering cross sections indispensable. In chapter 2 we have reviewed the 
importance of maintaining gauge invariance in numerical calculations and the 
need for automatized gauge checks that allow to verify both the consistency of 
the Feynman rules and the numerical stability of the code used in the calculation. 

In part II, we have identified simple, model independent, tools to verify 
the gauge invariance of the Lagrangian used in a numerical calculation. We 
found that the Ward Identities for on shell 4 point amplitudes are sufficient to 
reconstruct the Feynman rules of a spontaneously broken gauge theory, apart 
from the quartic Higgs coupling that requires the use of a 5 point Ward Identity. 
However, the Ward Identities with several momentum contractions have to be 
used to reconstruct the Goldstone boson couplings. The connection between 
the Ward Identities for Green's functions and the STIs for irreducible vertices — 
that are known to be sufficient for the reconstruction of the Feynman rules — 
has been clarified in chapter 4. In the analysis, we have used new identities for 
vertex functions with several momentum contractions that we have derived in 
chapter 3. Additional work is required to determine a minimal set of identities 
to verify the supersymmetry of SUSY particle physics models, building on the 
results of [6, 7]. 

The identities necessary for the gauge checks have been implemented in the 
matrix element generator O'Mega, as described in section 7.1 and have been 
used in debugging the implementation of the complete Feynman rules of the 
Standard Model in gauge. The infrastructure for the implementation of STIs 
for off shell amplitudes that are relevant for checks of supersymmetry [6, 7] and 
in loop calculations [9] has also been provided. 

In chapter 4 we have given a new proof for the formalism of flips [15] for 
the determination of gauge invariant subsets of Feynman diagrams (groves). 
Our proof clarifies the precise definition of gauge flips in spontaneously broken 
gauge theories that has been applied to the classification of the gauge invariance 
classes in chapter 8. We found new gauge invariance classes in theories with 
a nonlinearly realized scalar sector. In this case the groves in theories with 
only neutral Higgs bosons can be classified according to the number of internal 
Higgs boson lines. These results are also relevant for calculations in unitarity 
gauge. In theories with a linear realized scalar sector in gauge, no additional 
groves compared to the unbroken case exist. The applications of gauge flips 
to loop diagrams is currently being studied [19] and the extension of our proof 
of chapter 4 to loop diagrams, using the Feynman tree theorem [45] in the 
formulation of [9], is under investigation. 
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Ill 



In realistic calculations, the need to include finite width effects and the intro- 
duction of running coupling constants violates gauge invariance. In chapter 9 we 
have reviewed schemes that have been proposed to treat unstable gauge bosons 
in effective tree level calculations and that we have implemented in O'Mega. We 
have investigated these schemes numerically in the single W production process 
e~e+ — > e~PeUd, both at the matrixelement and at the cross section level. We 
have obtained results consistent with existing literature and find that the fixed 
width [21] and the complex mass scheme [24] give consistent results while the 
timelike and the running width scheme [23] are unreliable at large energies. We 
can also confirm problems of the nonlocal vertex scheme [25] with unitarity that 
recently have been reported in [28]. Results for 6 fermion production processes 
and comparison with [27] will be given in future work. 

Problems with gauge invariance arise also from an inconsistent introduction 
of running coupling constants. We have discussed this issue in chapter 10 for 
the example of the Weinberg angle in the Standard Model, using the constraints 
from the Ward Identities obtained in part II. We find that discrepancies between 
unitarity and gauge at the per cent level can arise from a inconsistent use of 
the Weinberg angle in the triple couplings involving Goldstone bosons and in the 
neutral current couplings. The inconsistencies can be reduced in the considered 
examples if an on-shell value of the Weinberg angle is used in the Goldstone 
boson couplings and in the Higgs-Z couplings. 
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Part IV 

Appendix 



Appendix A 

BRS symmetry 



In this appendix wc briefly sketch the formaUsm of BRS invariance [49] and 
set up our notation. The general formalism is reviewed in appendix A.l, the 
application to the spontaneously broken gauge theory introduced in chapter 5 
is given in appendix A. 2. A more detailed discussion can be found in standard 
textbooks [38, 41, 42]. In appendix A. 3 we introduce our graphical notation for 
BRS transformations and STIs. 

A.l BRS formalism 

The BRS transformations are generated by a fermionic, hermitian operator Q, 
the BRS charge. We write the transformations of a general field 4" as 

Abrs* = e<5BRS* = [ieQ, *] (A.1.1) 

where e is a Grassmann number. 

The BRS transformations are chosen so the BRS-charge is nilpotent: 

Q2 = (A.1.2) 

This is a crucial property that allows to decompose the Hilbert space of the 
theory into physical and unphysical states and to define BRS invariant gauge 
fixing terms as we will see below. In gauge theories the BRS transformation 
of physical fields is obtained by replacing the gauge-transformation parameter 
by the product between e and a ghost field. The transformation of the ghost is 
chosen in an appropriate way to make the BRS transformation nilpotent. 

Because of the nilpotency of Q, states that are obtained by applying Q to 
another arbitrary state (so called 'BRS exact states') have vanishing norm: 

|^)=Q|r;): = V |r,) (A.1.3) 

States that are annihilated by the BRS charge are called 'BRS closed'. They 
are orthogonal to the exact states: 

{^\cl>) = {rj\Q\ct>)=0 y\^)=Q\n) , Q\<f>) = {AAA) 

Therefore we can decompose the Hilbert space into orthogonal subspaces. Be- 
cause of the nilpotency of Q, a closed state stays closed if one adds an arbitrary 
exact state. 
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One can show (sec e.g. [42]) that provided the BRS closed states have 
positive norm, it is consistent to define the physical states of the theory as 
closed states modulo exact states: 

Q|V'phys)=0 

IV'phys) ~ l^i-phys) +Q\V) 

In mathematical terms, this is the cohomology of the operator Q. We will see 

in appendix A. 2 that in a spontaneously broken gauge theory this condition 
eliminates the unphysical components of the gauge fields, the Goldstone bosons 
and the ghosts from the spectrum. 

Gauge fixing of the lagrangian can be performed by adding the BRS trans- 
formation of an arbitrary functional JF of the fields with ghost number —1 to 
the classical lagrangian 

= ifo + 5brs^[*(x)] (A.1.6) 

This construction ensures that matrix elements between physical states are in- 
dependent of the gauge fixing: 

((/iphysliflV^phys) = ((?i>phys|^o|V-'phys> (A. 1.7) 

We can derive the general Slavnov Taylor Identities of the theory by sandwiching 
the commutator (or anticommutator) of an arbitrary products of fields with the 
BRS-charge between physical fields: 

= (./-physl T[[iQ, *l^'2 . . . ^-nli] IV'phys) 

= ^-^Physl T[*l • • • ^BRS^i . . . *n]|V'phys) (A.1.8) 



A. 2 Application to a spontaneously broken gauge 
theory 

We now apply the general BRS formalism to the spontaneously broken gauge 
theory discussed in chapter 5. In the parametrization of the fields introduced 
in section 5.1, the BRS transformations are given by 







(A.2.1a) 


SbRS^) Ri 


= ^CaTRijlpLj 


(A.2.1b) 


Sbrs<I>a 


= -CaT'AB'l>B 


(A.2.1c) 






(A.2.1d) 


fens Co 




(A.2.1e) 


<^BRS Ca 


= Ba 


(A.2.1f) 


^BRS-Ba 


= 


(A.2.1g) 



The transformations of the physical fields are gauge transformations with u) 
replaced by c and the transformation of ghost and antighost are chosen so that 
Q is nilpotent. 
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For the Higgs and Goldstone bosons the explicit transformation laws in the 
parametrization (5.1.7) arc given by 

6brsH. = cc{u^t,h - T^jHj) 2 2) 

SsRSftia = -rriaCa - Cc(ta(,0b + UaiHi) 

Wo will SCO that the inhomogcneous term maCa in the transformation of the 
Goldstone bosons ensures that they are not part of the physical spectrum. 

The BRS transformations of asymptotic fields receive only contributions 
from the terms in (A. 2.1) linear in the fields [41, 42]. Therefore the only asymp- 
totic fields transforming nontrivially are; 

<5BRsWi^/o„t = 5/' '^in/out 
fenS'/'in/out = -"HV^in/out 
(^BRSCin/out = -Bin/out 

According to the definition of physical states given in equation (A. 1.5), the phys- 
ical spectrum consists only of fermions, physical scalars and three components 
of the gauge bosons. The scalar mode of the gauge bosons with polarization 
oc Pfj,, the Goldstone bosons and the antighost are eliminated from the physical 
spectrum because they are not annihilated by Q while the ghost fields and the 
auxiliary field B are zero-norm states in the image of Q. 

To perform gauge fixing, we have to chose a gauge fixing functional in 
equation (A. 1.6). The Faddeev-Popov lagrangian [46], originally derived from 
the path integral, is reproduced by the choice 

^ = Ca(Ga + ^Ba) (A.2.3) 

that results in the lagrangian 

^ = ^o + ^GF+^FP (A.2.4a) 

with 

^GF = BaGa + ^BI (A.2.4b) 

and 

Up = -Ca{SBRsGa) (A.2.4c) 

The explicit form of the gauge fixing function is given in a linear iij-gauge 

by 

Ga = {d^W^ - ^mwAa) (A.2.5) 
The equation of motion for the auxiliary field B resulting from (A. 2. 4) 

Ba = -jGa = -j{d^W^ - imwM (A.2.6) 
allows to write the gauge fixing lagrangian as 

^GF = ~Gl (A.2.7) 
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Using the parametrization (5.2.3) we find 

= d^id^ca + r^'W^c,) + ^mly^Ca + (.mwMtlbh + KiHi) (A.2.8) 
so, after an integration by parts, the ghost lagrangian becomes 

■^FP = d/^CaD'^Ca - ^TTlw^CaCa - ^mw^Ca{tli,^b + <i-ffi)Cc (A.2.9) 

and the Feynman rules for the ghosts are given by 

CaW.^Cc : /"^^ (A.2.10a) 

Ca<f>bCc ■■ -'i^rnwatlb (A.2.10b) 

CaHiCc : -i^mw^Ki = -\^9hww (A.2.10c) 
The propagators resulting from equation (A. 2. 4) are 



D,{p) = [ d^xd^ye-'P^--y^ (0| T[c(a;)c(y)]|0) = ^ ' ^ (A.2.12) 



A. 3 Graphical notation 



To represent STIs diagrammatically, we will introduce the following graphical 
notation for the homogeneous part of the BRS-transformations of the fields: 

feRS^i = I^Ca$,- : \iTQ (A.3.1) 

.y 

The contraction with a momentum is denoted by a black square. Therefore the 
BRS transformation of a gauge boson looks like 

SbrsW^ = df.c" + r^'^WbCc : ■■ip" + Sd/"*-- (A.3.2) 

.y 

The multiplication with a gauge boson mass will be denoted by a cross so the 
transformation of a Goldstone boson is written as 

s (Afc ^ Hi 

a ^ ^ 

••••i---x(-mH^J + ^^-tlb + (A.3.3) 

y ' y' 

Because of the nonlinearity of the BRS transformations, these transforma- 
tions receive radiative corrections. The insertion of a BRS transformed gauge 
field in a Green's function therefore is represented as 
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(0| T [W^cSbrsW,] |0) = @ + 

y W 

m 

The second term consists of the tree level contribution from equation (A. 3. 2) 
plus loop corrections. The tree level contribution is a disconnected diagram, 
therefore we denote the Green's functions with insertions of BRS-transformed 
fields by diamond-shaped blobs to distinguish them from connected Green's 
functions. In the above example, the tree level diagram and a one loop contri- 
bution look like: 





For tree level applications it is sufficient to keep only the first term. 

The Nakanishi-Lautrup field is represented by a double line. We will use the 
notation 



(0|T[$i...$„B]|0) = 




for the insertion of the auxiliary field B into Green's functions. The bilinear 
Feynman rules for the coupling to gauge- and Goldstone bosons follow from the 
equation of motion (A. 2. 6): 




(A.3.4) 



As an example for the graphical representation of a STI, we consider the 

STI for the W'tpip vertex: 

= (0| T[[iQ,c^ip]\0} = (0| T[BiPip]\0) - (0| T[ccAV'V']|0) + (0| T[cVicAV']|0) 




Beginning with the 4 point functions, the structure of the 'contact terms' with 
the insertion of the operator cA$ gets more complicated, since the interactions 

of the ghosts with gauge, Higgs and Goldstone bosons from the lagrangian 
(A. 2. 9) have to be taken into account even on tree level (see equation (3.1.16) 
in chapter 3). 



Appendix B 

Nonlinear realizations of 
symmetries 

In appendix B.l we review the theory of nonlinear reahzations of symmetries 
that is useful for constructing effective field theory descriptions of spontaneously 
broken symmetries. In appendix B.2 we derive the STIs relevant for the appli- 
cation to gauge flips for nonlinear realized scalar sectors in chapter 8. 

B.l General setup 

We will sketch the formalism of nonlinear realized symmetries [65] (for reviews 
see [38, 42, 66, 67]). A description of the formalism in the language of differential 
geometry is given in [68] . We consider a symmetry group G that is spontaneously 
broken down to a subgroup H. Keeping the index convention introduced in 
chapter 5, we denote the generators of G by T", the generators of H by and 
the the generators that arc not in H as . 

Since /f is a subgroup of G, the unbroken generators must form an subalge- 
bra: 

j^a^ ^6] ^ jahc^c (B.l. la) 

This shows that the structure constants with one unbroken index vanish. This 
implies that the broken generators carry a representation of the unbroken sub- 
algebra: 

[L",y^] = r^'^V^ (B.l. lb) 

In general we must assume 

[y«, = /«/3c2,c ^ -^pPiyi (B.l.lc) 

while for chiral symmetries the commutator of Vs is only a linear combination 
of Ls. 

According to Goldstone's theorem, for every broken generator V"' there is 
a Goldstone boson The goldstone bosons can be used to parametrize the 
coset space G/H by introducing the so called canonical representation 

U = ei"^"^" e G/H (B.1.2) 
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One can show, that the cj) transform nonhncarly under G but hnearly under H 
[65] . The transformation of the </> is defined as is defined as foUows: multiphca- 
tion of U by an arbitrary group element 

g = e''""^" (B.1.3) 

results in another element of G that can be written as: 

gU = e7'l''<'^MV'' ^ia,{^,u>)L'' = u'{(l),w)n{(t),uj) e G (B.1.4) 

Here the result of the transformation has been written as the product of an 
element of th(^ cosct space in the canonical representation and a 'compensating' 
H transformation 7i. The nonlinear transformations of </) are defined as 

(B.1.5) 

We will now introduce matter fields $, carrying a representation of the unbroken 
subgroup H. We can lift this representation to a nonlinear realization of G by 
introducing the transformation 

$ = [7* (B.1.6) 

G transformations are realized on the fields \1/ as linear, </> dependent transfor- 
mations of the unbroken subgroup H. To see this, we act with ^ e G on the 
original field $ and insert the definition of 

g^ = gu^ = U'{(j), oj)n{(f), w)* (B.1.7) 

where U' £ G/H and H((/>, w) € H are defined as in (B.1.4). Therefore we can 
take the transformed field as 

^' = n{(l),u})^ (B.1.8) 

Because of the field dependent transformations, the derivatives of U and \E' 
have no simple transformation law: 

d^{gu)^id^u')n + u'{d^n) 

and one has to construct covariant derivatives to write down kinetic terms for 
the fields. 
The object 

= U'^d^U (B.1.10) 

transforms according to 

v^^nHv ^)n + v)d^n (b.i.ii) 

where V is made out of the U' . Because of the commutation relation (B.l.la), 
the inhomogeneous last term is an element of H so the component of I?^ in 
G/H 

= Trp^V"] (B.1.12) 
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has a simple transformation law: 

U'l, = nU'i^n^ (B.1.13) 

where we have defined = U^V". This object serves as a covariant derivative 
of the Goldstone bosons and can be used to construct a kinetic term: 

jC^ = f tv[UlW] = f tv[d^U^d^U] (B.1.14) 

The component along H: 

£^ = Tr[P^i°] (B.1.15) 
transforms similar to a gauge field: 

f V - ns^^n^ - d^mO (B.i.ie) 

and can be used to make a covariant derivative for the matter fields 

-D^* = (5^ + f^i^")* (B.1.17) 

The constniction for local transformations is similar, except one has to co- 
variantize also with respect to the gauge symmetry [38, 42, 65-67]. 

B.2 STIs for nonlinearly realized symmetries 

B.2.1 Abelian toy model 

It is instructive to check the rather general arguments given in section 8.1.3 
in a more concrete way using the STIs. We will discuss the toy model of an 
spontaneously broken abelian gauge theory first. We start with a complex scalar 
field in a linear parametrization: 

^ = ^{{v + H)+\cP) (B.2.1) 

that transforms under BRS transformations according to 

<5brs0 = -ruAC - gHc 

The cubic interaction terms with the gauge boson arising from the square of the 
covariant derivative 

= d^^ + igA^^ (B.2.3) 

and the potential 

=^2|^|2_^|^|4 (g_2.4) 

are given by 

2 

Cint = g{(t>XH)A^' + grriAHA^ - ^{H^ + H(f') + . . . (B.2.5) 

zmA 

where we have used 

ruA — gv TTiH = V^n (B.2. 6) 
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and 

2 2 2 2 

^ = ^ = ^ = 1;;^ (B-2-7) 

To obtain the nonlinear realization, now we parameterize the scalar fields as 

^ = {v + il(a;))e''^(^)/'' (B.2.8) 

In accordance with the general theory, the reparametriezd Higgs bosons trans- 
form trivial under the symmetry and the Goldstone boson transforms inhomo- 
geneously: 

SbksH = , ^ 

(B.2.9) 

Sbks(I> = -niAC 

Because of this 'shift symmetry', only derivatives of (f) can enter the lagrangian 
and indeed, from the square of the covariant derivative we find this time 

Cint = grriAHA^ + 2gHA^'d^cf> + ^H{d^cf>f + ... (B.2.10) 

We will now discuss the STI for the W<pH vertex that is relevant for the 
definition of the gauge flips in spontaneously broken gauge theories as we have 
seen in section 8.1. In the case of the nonlinear realization, the STI is simply 

W„ {A''{paMpb)H{ki))'^' + ruA {cj>{p)^{pb)H{ki))'^' = (B.2.11) 

since the transformations equation (B.2.9) arc trivial. Note that in the nonlinear 
parametrization the Higgs boson decouples from the ghosts so no ghost term 
appears in equation (B.2.11). Prom the Feynman rules we can verify this identity 

{A^^iPa)4>{Pb)H{h))'^' = 2ig{pa ■ pt) 

IPI [a. Z.LI) 

niA {4>{p)(l){pb)H{ki)) = -2ig{pa ■ Pb) 

where the factor 2 in the last line is a symmetry factor. 

Therefore, a Ward Identity like identity is valid also for off shell Higgs and 
Goldstone bosons. This ensures that the diagram 



(B.2.13) 



satisfies the Ward Identity by itself. 

This is in contrast to the linearly realized symmetry that transforms the 
Higgs and Goldstone bosons into one another. In this case we have a nontrivial 
STI : 

'^Pai.^ {W^{PaWb{Pb)Hi{ki))'''' + mw^ {MP)MPb)Hi{ki))'''' 

= -g {H{p, + pb)H{ki))'''' + g {pb)M-Pb))^''' (B.2.14) 
Indeed, inserting the Feynman rules gives 

{Wl^iPaWbiPhWh))'''' +mw^ {Mp)MPb)Hi{K))'''' 

= -igPa ■ {ki - Pb) - igm% = ig [(fc? - m%) - pi] (B.2.15) 
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B.2.2 General Symmetries 

For the derivation of the BRS transformations in theories with nonhnear symme- 
tries [67], we consider the transformations (B.1.5) and (B.1.8) for infinitesimal 
parameters co = e. In Unear order of e we can write 



U\0,e) = l + i/C^(0)e6y" + O(e2) 
W(0,e) = l + ir!^((/))ebL" + 0(e2) 



(B.2.16) 



In the language of differential geometry, the quantities /C^ are Killing vector 
fields, since they generate isometrics in the coset space G/H. The object O" = 

Q'f^L^ is known as iJ-compcnsator [68]. 

The BRS transformations arc now given by 



= -ic,r!"(0)^' 



We will still use the linear gauge fixing (A. 2. 5) instead of a gauge fixing func- 
tion in terms of the U [67]. Note that the gauge fixing term in the nonlinear 
parametrization contains no Higgs-ghost interaction since the Higgs don't ap- 
pear in the BRS transformation of the Goldstone bosons. The STIs for Green's 
functions depend nonlinear on the GBs through the Killing vectors and Com- 
pensators, e.g. 

{O\T[W^{Pa)r0{Pb)mih)]\O)+mw^ (O|T[0a(p)</'/3(Pfc)iJz(^i)]|O) 

= /(0|T[(/C^(<^))(Pa +P6)if»(A;i)]|0) -i(0|T[.^/3(P6)(f2g(</')if,)(-P6)]|0) 

(B.2.18) 

Diagrammatically, this can be written as 



H 





+ O- (B.2.19) 



(B.2.20) 



We now turn to the STI for the W(pH vertex that is relevant for the discus- 
sion of gauge flips. Expanding the Killing vectors and compensators according 
to 

we find that the STI for the WH<p vertex is given by: 

= /i^^ (</.^(p„ - iVj {MPb)Hj{-pb))'''' (B.2.21) 

On tree level, the right hand side vanishes because there is no Higgs- Goldstone 
boson mixing on tree level. Therefore the same simplification as in the abelian 
model takes place and we can conclude that the diagram (B.2.13) satisfies the 
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Ward Identity by itself also in the nonabelian case. In higher orders perturbation 
theory the right hand side of equation (B.2.18) no longer vanishes since a </> — iJ 
mixing is generated by loop diagrams. 

No simplification compared to the linear case appears for the STI for the 
HHW vertex that is on tree level 

'^Paf^a {W^{Pa)Hi{ki)Hj{kj)f^^ + mw^ {ct>a{j>)Hi{ki)Hj{kj))^^^ 

= {Hk{-pj)H^{-pj))'''' - iT;, {H,{p,)Hk{-pi))'''' (B.2.22) 
This identity is similar to the linear case (C.4.2). 



Appendix C 

More on STIs 



In this appendix we discuss some technicalities concerning the STIs. In ap- 
pendix C.l, we review the amputation of contracted gauge boson lines and the 
ghost terms for external gauge bosons. In appendix C.2 wc clarify the correct 
use of the STIs in unitarity gauge and derive the form (3.1.21) of the ghost 
interactions. Appendix C.3 contains more details on the derivation of the STI 
with two contractions in section 3.4. Finally, appendix C.4 collects explicit re- 
sults for the STIs in the model of chapter 5 that will be used in the calculations 
of Ward Identities. 

C.l STIs for amputated Green's Functions 

C.l.l Definition of amputated Green's Functions 

We define amputated Green's functions as a continuation of the ^-matrix ele- 
ments off the mass shell: 

// n 
n d^Xie-'"'-^ H d^e'P^y^ (0|T . . . Hxi)]\0) 

i=l 3=1+1 
K n 

= X{D{h) J] D{pi)M{,^{ki)...^{ki)^^{pi+^)...^{pn)) (C.l.l) 

i=l j=l + l 

If all external particles are on-shell, this becomes the LSZ formula (for this 
formulation see e.g. [40]) ^ . 

Using the convention to treat the operators (cA$) as insertions that are not 
amputated, the contact terms on the right hand side of equation (3.1.5) are 
turned into (for simplicity we treat all momenta as incoming) 

/n 
d^xe-^"^ H d\e-'P'y^ (0|T [c(y^)c(x)$i(2/i) . . . A$, (t/^) . . . $„(y„)] |0) 

i=l 

'II 

= DA.k) [J D,i>,(p,)M(c(fc)$i(pi)...(cA$,)(p,)...$„(p„)) (C.1.2) 



^ Since our main interest is in tree level calculations we suppress field renormalization 

constants 
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(C.1.3) 



The amputation of fcrmions must be discussed a little more carefully since we 
have to distinguish particles and antiparticles. The corresponding LSZ formula 
are [39]: 

(out 1^1' I in) = i j d^xve-'''''{i^ - m) (out|V|in) 

(out 1 6| in) = -^J d'^xue'^^'ii^ - m) (out|V|in) 

(out I d| in) =ijd*x (out I I in) {-i^ - m)ve''"' 

(out 1 6+1 in) = -^j d'^x (out|Vi|in) (-i^ - m)ue-'''^ 

Therefore an amputated Green's function with the insertion of the BRS trans- 
formation of a fermion becomes 

{-if J d^xd^yid^y2 e-'('=^-Pi2'i) 

u{p{){i^y,-m) (0|T [c{y2)-c{x) ■ ■ ■ *(2/i) • • ■ A§(y2)] |0) {-i^ y,-m)uip2)e-'P-y' 
= {-i)D^{k)u{pi)M (c(x)V(pi) . . . (cAVi)(p2 + k)) - m)u{p2) (C.1.4) 

This can be regarded as the prescription to compute the matrix element with 
the 'polarization spinor' (— i)(;^2 — m)u{p2) for the transformed particle A'ip. 

Similar considerations apply for the remaining cases in equation (C.1.3) so 
we have to apply the replacements 



(C.1.5) 



u{p) i-i)(J> - 'm)u{p) 

v{p) (-i)(/5 + m)u(p) 

uip) {-'^)u(jp){i> - m) 

v{p) {-''^)v{p){i) -\- m) 

for the calculations of contact terms involving fermions. 

C.1.2 STI for the gauge boson propagator 

To go in the STI (3.1.5) from Green's functions to amputated matrix elements, 
one has to amputate external gauge boson lines contracted with a momentum. 
This can be done using the (tree level) relations 

D4, = De ^ ^ 

On tree level they can be checked from the explicit expressions, but we will 
sketch the derivation from the STIs that allows the generalization to loop 
calculations [51]. 

Equation (C.1.6) is a consequence of the STI (see figure C.l) 

= Sbrs {0\T[Wi:ix)cb{y)]\0) 

= (Oj T[{D^c{x))^ cMO) + (Oj Tmx)B{ym (C.1.7) 
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that becomes on tree level 

(0| T[W^{x)d.Wi;{y)]\0) = ^ (0| T[d^c{x)act,{ym (C.1.8) 
In momentum space, this becomes the desired relation (C.1.6). Similarly one 

Figure C.l: STI for the gauge boson propagator 
can use the STI 

= W (Oi T[<l>a{x)ci,{y)m (C.1.9) 

to show the equivalence of the ghost and Goldstone boson propagators on tree 
level. The radiative corrections to this simple relations are discussed e.g. in 
[41, 51]. 

C.l. 3 Amputation of contracted gauge bosons 

In a spontaneously broken gauge theory in i?| gauge, the Ward Identity is given 
by equation (2.2.14) 



-- (out|a^W|in) + mw (out|<?!)|in) = (C.l. 10) 



To obtain a relation for scattering amplitudes, we amputate the gauge boson 
according to the LSZ formula, we obtain for an incoming W 



I 



d^a;e-"=^ (out|5^W^''(a;)|in) = ik^,D'^{k)M^{m + W ^ out) 

= ^m^D4,{k)M{m ^ out + (l>) (C.l. 11) 



For an outgoing gauge boson the sign has to be changed. On tree level, the rela- 
tion (C.1.6) can be used to eliminate the gauge parameter ^ and the propagators 
from equation (C.l. 11) so we obtain the identity (2.2.14): 

-ifc^7W(in + W ^ out) = m^M{m + (p ^ out) (C.l. 12) 

On loop level, there are correction factors [51] that can be computed from the 
STIs (C.l. 7) and (C.1.9). 

C.l. 4 Amputation of ghost contributions 

In the STI with external off-shell gauge bosons (3.1.8), there appear additional 
ghost terms of the form 

- I (0|T [(5^W„^(x) - ^mwM^)) ■ ■ ■ WaVb) • • • ] |0) 
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= {0\T[d''ctiyb)ca{x)---]\0) + contact terms (C.1.13) 

The ghost terms have the same pole structure as the left hand side of the STI 
so no inverse propagators appear when going to amputated Green's functions. 
To perform the amputation, we write the right hand side of (C.1.13) as^ 

/n 
d^xe-'P'^^ n d^ViC-'P^y' (0| T[{d^Cb{yb)) c„(ar) . . . MVi) • • • ]|0) 
i=l 

n 

= D,{k)D,ipa){ipb^.) n D^iiPi)MiCaipa)Cb{pb)---^i{pi)---) (C.1.14) 

i—l,i^a 

The derivation of the STI for amputated Green's functions involves the multi- 
plication with the inverse gauge boson propagator D^^^{ph). In the first term 
this cancels the ghost propagator because of equation (C.1.6): 

Dw\M)PlDc{Pb) = -jVb^. (C.1.15) 

Therefore the amputated version of equation (C.1.13) is 

= -\pbiJ.M{cb{xb)---Ca{xa)---) + contact terms (C.1.16) 



C.2 STIs in unitarity gauge 

In unitarity gauge the Goldstone bosons and ghosts decouple from the physical 
matrix elements, however, on the quantum level there is an additional, divergent 
term in the lagrangian of the form 

A^oc5^(0)ln(^l + ^^ (C.2.1) 

This form is valid for a single Higgs, we will not need the general expression in 
this work. Different derivations of this result are reviewed in [59] . 

Instead of eliminating the ghosts from the theory and using the nonpoly- 
nomial Higgs interaction (C.2.1), one can also introduce ghost fields even in 
unitarity gauge. In an abelian spontaneously broken gauge theory the appro- 
priate lagrangian is found to be 

= -mwaCC - gcHc (C.2.2) 
This results in a ghost 'propagator' 

D^ = — (C.2.3) 
mw 

and a ghost-Higgs vertex 

cHc : -ig (C.2.4) 

2 In going from Green's functions to amputated matrix elements, (incoming) gliosts and 
antighosts have to be exchanged since ghost field operators create incoming antighosts and 
vice versa. 
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It can be shown [59] that the rcsumniation of ghosts loops calculated using 
this lagrangian leads back to equation (C.2.1). We will now show that the STI 
(3.1.17) is valid also in unitarity gauge if we include in addition to the ghost 
lagrangian (C.2.2) also a Goldstone boson ghost interaction. 

We define unitarity gauge by taking the limit ^ ^ oo after amputating the 
external propagators. In this way all internal Goldstone bosons are removed 
from the theory but the Ward Identity (2.2.14) remains valid. We show that 
also the STIs remain valid, if the Higgs-ghost coupling (C.2.2) and a similar 
Goldstone boson-ghost coupling are used. 

As the simplest example, consider a 4 point contact term similar to equa- 
tion (3.1.16) but with a external Higgs boson: 




(C.2.5) 



Since the ghosts are amputated before sending ^ — ^ oo, the first term remains 
unchanged. In the second term, we have to consider the ghost-Higgs coupling 
that we write schematically as ^ 

cHc : —i^mwg (C.2.6) 

Then we obtain for the combination of the ghost-Higgs vertex and the ghost 
propagator 

2 ' 2 i-^^rnwg) ^ — (-iff ) (C.2.7) 

This is just the same result as the one from the lagrangian (C.2.2). 
Similarly, we obtain for a ghost line, coupled to N Higgs bosons: 



— ) (-iff)"^ (C.2.8) 



I I I I I 

We now consider ghost lines with insertions of gauge bosons. In a linear i?j 

gaiige the ghost-gaiige boson vertex is independent of ^. Therefore a ghost line 
that includes at least one interaction with a gauge boson drops out if we go to 
unitarity gauge: 



, (C.2.9) 

I I I S I 
I I I c I 



Thus, the ghosts decouple from the gauge bosons as expected. 

^Use equation (A. 2. 4) with u"^ = g 
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If wc consider a ghost line with insertions of Goldstonc and Higgs bosons, 
the argument leading to equation (C.2.8) remains valid. In contrast to the case 
of Higgs bosons, the contributions of internal Goldstone bosons vanish in the 
limit ^ Qo because of the ^ dependence of the propagators. However, external 
Goldstone bosons must be kept, and we have to include the ghost-Goldstone 
boson vertices in addition to equation (C.2.2). 

From equation (C.2.8) we see that we can obtain the ghost vertices in uni- 
tarity gauge from those in gauge: 

9^^c = -J^9fl (C.2.10) 

The expression for these couplings in a nonabelian spontaneously broken gauge 
theory is given in equation (A. 2. 4). 

Therefore the ghost lagrangian, to be used in calculations of STIs in unitarity 
gauge, is 

=Sf^P = -mWaCuCa + g^HcCaHiCb + gillCa(l)bCc (C.2.11) 

Here the ghost couplings on the right hand side arc those in unitarity gauge. 

We have shown that the ghost lagrangian (C.2.11) reproduces the contact 
terms in the limit ^ — > oo, provided we amputate the ghost propagators before 
taking the limit. 

We still have to consider the term 

-^plM{ca{p)cb{pb) . . .) 

that appears in the STI for Green's functions with off-shell gauge bosons (3.1.18). 
The only contributions to this matrix element again include a ghost line with 
N insertions of Higgs bosons, this time with one missing ghost propagator com- 
pared to equation (C.2.8). However, this is compensated by the | in front of 
the matrix element, so in the limit ^ — > oo we obtain 

-'-p'iMR,{ca{p)cb{pb)...) ^^=-iplMu{ca{p)-Cb{Pb)...) (C.2.12) 

Up to this modification, the STIs remain valid in unitarity gauge if we use the 
ghost lagrangian (C.2.11). 



C.3 Ghost terms in the STI with 2 contractions 

In the derivation of the STI for three point vertices with 2 contraction we have 
omitted a few steps that we will discuss in this appendix. Taking the derivative 
of (3.4.3) with respect to a ghost field c and an arbitrary field $ yields, setting 
classical fields and BRS-sources to zero: 



(C6(P6)©a(Pa)$*(p))'"(*(rt*(fc))'" 



+ {Cb{pbW{p)mt''^ {T>a{PaMp))'''' 



APPENDIX C. MOREONSTIS 



130 



+ 



(C6(P6)C„(P„)$(P))^" + — (c(p6)2?a(Pa)c(p))'" (C.3.1) 



where we have used the identity 

{'D{x)B{y))f{y) = 
We will now show that the identity 



/(■^) 



(C.3.2) 



+ 



12 2 



{CbiPb)Ca{PaMk))'''' = (C.3.3) 



holds for $ = W,(j),H. This allows a considerable simplification in equa- 
tion (C.3.1). We will use the parametrization introduced in chapter 5. We 
begin by checking the case ^ = W. From 



{'Da{Pa)Wi:{pj, +po))'''' = ^{pI - $m^J 
and the ghost Feynman rules (A. 2. 10) 

we see that indeed the desired combination vanishes: 



(C.3.4) 



(C.3.5) 



{Va{pa)Waipb+Pc))'''' + 

Similarly, for $ = <p/H we obtain 

-4 (Pa(Pa)<^a(P6+Pc))'" + 



-■ "ai {'^a{Pa)(l}a{pi + Pb)) 



IPI 



12 2 
jPa - 



{Cb{Pb)Ca{Pa)Wc{pc)}^^^ = 

(C.3.6) 



{Cb{Pb)Ca{Pa)(f>c{Pc))^^^ = 



{Cb{Pb)Ca{Pa)H,{pi))^^^ = 



(C.3.7) 

which can again be seen from the ghost Feynman rules (A. 2. 10). 

Therefore we have shown that the identity (C.3.1) can be simplified to the 
form used in equation (3.4.4): 



{cb{Pb)Va{paW{p))''''mp)m)'''' 



+ {CbipbWip))'''' {VaiPaMpMk))'''' + ^ {c{Pb)Va{Pa)c{pt'''\ (C.3.8) 



C.4 Explicit form of STIs 
C.4.1 3 point STIs 

In this appendix we list the explicit form of the STIs for the three point vertices 
in the model described in chapter 5. They are obtained by inserting the form of 
the BRS transformations (A. 2.1) into equation (3.3.11). We list only the terms 
contributing on tree level, so mixed 2 point functions among gauge, Higgs and 
Goldstone bosons that are present in the STIs are not displayed. 



APPENDIX C. MOREONSTIS 



131 



HWW 



= \9ii'wwPt (C.4.1) 



WHH : 

- {Va{pa)H,{p^)H,{p,)f''^ 



rpa 

' ij 



{Hi{pi)Hi{pi+pa))^^^ - {Hj{pi+pa)Hj{pj))''''] (C.4.2) 



WWW : 

- {vMwaPb)Wp{p,))'''' 

= r"' {w:(ipa+Pb)w:{pc))'''' + r"' {wapi>)w^iPa+Pc))'''' 

+ {Ca{Pa)Cb{Pb)Wc{Pcr}'''' + i'^McMWapb))'''' 

(C.4.3) 

Here the two point functions are in gauge. We can simplify this equa- 
tion, if we note that the two point functions together with the ghost terms 
give the 2 point function in unitarity gauge: 

{Wb{pb)W4pa+Pc)}H^' + i^K {Ca{Pa)Cb{Pb)WM}]!^' 

= f""" {Wb{pb)Wi{pa +Pc))T (C.4.4) 
as can be seen by inserting the exphcit expressions. 
WViV : 

- {'4^i{pi)Va{pa)i^j{Pj)Y^^ = -K9V3^ " 9Ajil^) (V'i (ft + Pa)V'j (ft))^" 

= - 9M,l'')SF\Pi) - '(-ft)(5^,, + 9l^fh (C.4.5) 

Here we have used the transformations in the vector /axial vector notation 
of equation (5.1.11): 

AV-i = ^A9V^J + 9M,i')i'j 

According to equation (2) we have to put the transformation of the fermion 
to the right of the inverse propagator. Note also that here the sign of the 
momentum in the propagators is important: 

(V'jfe +Pa)V'j(Pj))^^' = -Sp'^Pi) = i(^- - mj) 
{tpj{Pi)iljjiPj +Pa)y^^ = -Sp^{-Pi) = -i{'^i+mi) 
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WW(l) : 



IPI 



i^Pb {Ca{Pa)cb{Pb)<Pc{Pc))^^^ + {Ca{Pa)W^ (pb)Cc{pc)f^^ (C.4.6) 



{V^{pa)<Pl{Pb)H,{h)f''' = ul {H,{pa + PbWh))'^' 



4W 



{Pb)(pb{-Pb))^^^ + {ca{Pa)cb{Pb)H^{ki))^''' (C.4.7) 



IPI 



, IPI 



- {'Da{PaWb{Pb)MPc)) 

= -Kb {mpM-Pc)^' - mPb)M-Pb)y 

IPI IPI 

+ mWb {Ca{Pa)cb{pb)4>c{Pc)) +mwA'^a{Pa)Cc{pc)4>b{Pb)) (C.4.8) 



The STIs for vertices with 2 contractions, obtained from equation (3.4.5), read 
HWW : 

{'Da{Pa)'Db{Pb)Hi{pi))'''' = mwAa {Hi{Pa + PbWpi))'''' (C.4.9) 

www : 

{'Da{Pa)'Db{Pb)WM))'''' 



= {W^{Pa +Pb)W,Ap,)f^^ - i^Pc. {Va{Pa)Cc{pMpb)) 



.1 



, IPI 



(C.4.10) 



The gauge boson part of the ghost term converts the gauge boson two 
point function to unitarity gauge as in equation (C.4.4). Therefore this 
identity can also be written as 



{Va{Pa)Vb{pb)Wc^(pc))) 



IPI 



= {W^{Pa+Pb)WUPc))T + '^'^Pc. {MPa)Cc{Pc)Cb{Pb)) 

(C.4.11) 

If we symmetrize the right hand side in a and /; and use the explicit 
expression for the ghost vertex, we can arrive at the equivalent form 



, IPI 



{Va{PaWb{Pb)WM) 



IPI 



Ir'^liPa-Pb) [ipl-rnl,Jg.,-p..p.,]+{pl+pl){ml-ml) 



(C.4.12) 



In the last step we used the explicit expression for f"^. 
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C.4.2 STI for 4 point functions 

We list some of the STIs for 4 point vertices obtained from (3.3.16). 
WW(f)(p : 

iPa^ (H^ {Pa)W,^ ipt)<t>C {Pc)ct>D (Pd)) '''' 

= {W:iPa +Pb)<f>c{Pc)MPd)y''' 

- T%c {WaPb)4>E{Pa +Pc)MPd))'''' 

- T%D {WaPb)(t>c{Pc)MPa+Pd))'''' (C.4.13) 

After inserting the Feynman rules, one can show that this identity repro- 
duces the definition of the quartic scalar- gauge boson coupling (5.2.14) 
and the Lie algebra (5.1.6). 



WWW^ 

= {w:{pa+Pb)w,xPc)^D{Pd)y''' 

+ {Wi,{pb)We{Pa + Pc)<^D{pd)f^^ 

- T%D {Wb{pb)W,{pc)MPa+Pd))^^^ (C.4.14) 

Prom this relation follow the 'Jacobi Identities' (5.3.6). 
WWWW : 

ifa/^a {W!:^{Pa)W^\pb)Wi^'{p,)W^'^{pa)f''' = 

faeb (W^W(p, +p„)W-^^c(p^)p^W(p^))lPI 

+ {W,^" {Pb)W,^^ {pc + Pa)WS' iPd)) '''' 

+ r"" {W^\Pb)W^^{j>,)W^\pa +Pa))'" (C.4.15) 

The conditions on the coupling constants arising from this relation are 
the Jacobi Identity (5.1.2) for the structure constants and the form of the 
quartic gauge boson coupling (5.2.10) 

C.4.3 STI for 4 point functions with 2 contractions 

As an example for the 4 point STI with 2 contractions, we consider the 2,WH 
vertex. Prom equation (3.4.11) we find 

{'Da{Pa)'Db{Pb)W,{p,)Hi{ki))^^^ = irta,. {Wd.ipa + Pb)W^ {p,)Hi{ki))^^^ 
-mwAa {MPa+Pb)W^{pc)Hi{ki))''''+mwyja {Hj{pa+Pb)W^{pc)Hi{ki))'''' 

- f"""" {Va{pa)W^{pb +Pc)Hi{ki))'''' + Tj-. {VM)W:iPc)Hjipi, + fc,))'" 

+ U% {-DaiPam^ipMPb + fci))'" (C.4.16) 

Using the STIs for the WWH vertex (C.4.1) and the WW(I) vertex (C.4.6) and 
inserting the Feynman rules this becomes 
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+ '^;ii^^^'d,a9HWw{K ~ Pa~ Pb) + 1^9^11 Ww'^iji^i ~P"a~ Pb) 

^ ehdcAad (rrj^ \,yJ^\ ^ rpb jac 



2/ "O^HWW^Pb +Pc) ~ 2'^ji9''HWwPc 



r%p:+p''c) + —ttdPc 

rrid 



(C.4.17) 



Elimination of ki using momentum conservation and contraction with tc gives 
as coefficient of (cc ■ Pa)'- 

^ Abac fdabAcd , 1 Acd , „iab rpc\ , ^ Abd fdac 

^Wb9Hd>W^ — J 9hWW "I" \~ ^da9HWW 9HWW-'-ij) "I" 7i9HWWJ 

mwa ^ 

= \r''^u%^w (1 - ^^%^) + ^HWwTt, + l9rwwf'''' (C.4.18) 

The same result is obtained from the Ward Identity of the 3WH Green's func- 
tion with 2 contractions (6.3.5). 



Appendix D 

Lagrangian and coupling 
constants 



In appendix D.l we give the conventions for the Lagrangian and the Feynman 
rules used in the calculation of the Ward Identities in chapter 6. Some technical 
steps that we have omitted in the discussion of the expression of the Goldstone 
boson couplings in terms of the input parameters are given in appendix D.2. 

D.l Parametrization of the general Lagrangian 
D.l.l Parametrization 

We give our parametrization of the general Lagrangian with the particle spec- 
trum of a spontaneously broken gauge theory but without imposing gauge in- 
variancc. Wc use the same notation for the fields as in chapter 5, i.e. wc denote 
gauge bosons by W, Goldstone bosons by (pa and all other scalar fields by Hi. 

Apart from terms a €^"P^W^W,yWpWa, the most general renormalizable 
Lagrangian for these fields is 

- ^{gw^'g^^'g"' + gti^g'^'g"' + gw'''g'"'gnWa,.w,,w,pWi, 

+ g'Slw{<t>XHi)W^ + Ig'S'wwHiWa^W^ + \gl^^.<Pa<f>0W,^W^ 

+ ^ff^H^ (paHiHj + ^5^3^''(/'a</'/30c+ ^5^3 i?i^ji?fc+quartic scalar interactions 

(D.l.l) 
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Here all matrices are assumed to be symmetric with respect to permutations 
of identical particles. We have included the symmetry factors explicitly in the 
Lagrangian so the coupling constants appear in the Feynman rules without any 
numerical factors. It can be shown that our form of the quartic gauge boson 
coupling is the most general form that is totally symmetric under simultaneous 
permutations of Lorentz and group indices. 

The Lagrangian of the fermions is parametrized by 

(D.1.2) 

Sometimes scalar and pseudoscalar couplings defined by 

9S = \{94>/H + 91/h) 9p = \{94>/H - 91/h) (D-1-3) 
will prove more useful. 



D.1.2 Feynman rules 

The Lagrangians (D.1.1) and (D.1.2) result in the following Feynman rules (all 
momenta incoming) 



WaWbWc : 



+ f^'^'^p'l^'' g^^''^^c jbca^l^c gHaUb _|_ ^cabpHa gUhftc _|_ ^cbUpHi, gHaHc (D.1.4a) 

For totally antisymmetric /"'"^ this simplifies to the usual gauge boson three 
point vertex 

WaWbWc : r^'^C^^^^'^'^ika, h, fee) (D.1.4b) 

with 



C^"^^^^''{ka,kb,kc) = {g^^^'ik^^ - k'^^) + g'''^^{k'^^ - k'^^) + gi''''^{kii^ - k^^)) 

(D.1.4c) 



WaWbWcWd 

H.WaWb 



-■Agf^g'^'g'"' + g^tgi^^g"' + g^'lV'-g'^JBAAd) 

(D.1.4e) 

(D.1.4f) 
(D.1.4g) 
(D.1.4h) 
(D.1.4i) 
(D.1.4j) 
(D.1.4k) 
(D.1.41) 
(D.1.4m) 



^9^ww9fj.i' 

9Hlj.wiP^ -Pa) 

^9hww 

• af3cd 

• ijab 

• aibc 
^9Hit>W^ 

'9Jh 
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^aHiHj : (D.1.4n) 

cl>^<f>0<P, : ig;t (D.1.40) 

HiHjHk : iff^J (D.1.4p) 

: i7''(r«,.(i^)+T^,^.(i±li)) (D.1.4q) 

i,,i,jHk : i(5|,.(i^)+5^t.(i^)) (D.1.43) 



D.2 Relations among coupling constants 

In this appendix we derive the expressions (5.3.3), (5.3.6) and (5.3.4) for the 
parameters of the Lagrangian (5.2.3) in terms of the input parameters (5.4.1). 
These relations can be obtained by exploiting the gauge invariance of the La- 
grangian and imposing the conditions (5.3.2). For simplicity we consider the 
case of only massive vector bosons first and then turn to the differences that 
occur for massless gauge bosons in appendix D.2. 4. 

D.2.1 Triple Goldstone boson-gauge boson couplings 

Wc can find constraints on the cubic scalar-gauge boson coupling constants 
using the commutator algebra (5.1.6) and the relations (5.3.2). 

Multiplying the commutator relation (5.1.6) with (f)o gives, when all gauge 
bosons are massive 

([r«,T/5])</,o = r''^(^"J^) (D.2.1) 

and therefore, inserting the parametrization of the generators T (5.1.7): 

TOawfa = rn/3uf0 (D.2. 2) 

t^f^nif, - t^^rn^ = P'^^m^ (D.2.3) 

This can be used to express the matrix t"^ in terms of the structure constants 
and gauge boson masses. First we eliminate t from the coupling g^iyw (5.2.17b) 

Now we can determine f^^ itself: 

= 2m„m^ti^ + mlr^^ (D.2.5) 
mam^t^^ = ^f'^°'^{ml -ml- m^) 

D.2. 2 Queirtic couplings 

We can derive constraints on the quartic scalar-gauge boson couplings (5.2.14) 

g^F^i ^ -{T^,T-}ab (D.2.6) 



APPENDIX D. LAGRANGIAN AND COUPLING CONSTANTS 



138 



by taking the commutator with a generator T and applying the identity (5.3.5) 
= [A, {B, C}] + {[C, A], B} - {[A, B]C} (D.2.7) 

This yields 

Tia ^BCbc ^ABbc rpa racd ^AChd , j^ahd ^ACcd {y\ o C^ 

AB9(t,'iW^ ~ S^'iW^^ BC — J 94>2]Y2 -i- J g^2y^f2 (^U./.OJ 

which is the condition for the interaction 

9i^V^4>l<l>BW'^W'' 

to be invariant under global transformations. 

Multiplying this equation with (j)QC and using the definition (5.2.16) for the 
triple scalar-gauge coupling we get the expression 

rpa „Bbc Aabc facd Abd , fabd Acd /p> n q\ 

^ab9^ww ^ ^Wa9(t,2w'^ ~ / 9^ww + / 94,ww [u.z.yj 

While the global transformation law (D.2.8) leaves an ovearall factor of g^^i 
undetermined, the contracted version (D.2.9) determines the quartic coupling 
uniquely from cubic couplings. 

D.2.3 Scalar potential 

For spontanteous symmetry breaking , we must demand that the state 

cPoA = (^^^ (D.2.10) 
is a minimum of the potential (5.2.6). This gives the condition 

Ajk Ajkl 

92'vj + ^VjVk + ^^Vjvm = (D.2.11) 

These condition eliminates also the linear terms in the Lagrangian ('tadpoles'). 
The mass matrix of the scalars is given by 

„AB I „ABi„, I 94, ^, ^, Cr»0 10\ 

^ d(j)Ad(l)B ° ^ ^^i^j (U.2.12) 

Contracting this equation with a vev and inserting the relations from the min- 
imization of the potential, the matrix g2 can be eliminated and we obtain the 
so called 'Higgs mass sum rules' [71]: 

'^AiVi = ^gf^ViVj + ^gt'^''2viVjVk = —gti'^VjVk + ^9t*'''''"j'"kVi (D.2.13) 

We can derive conditions for the scalar couplings using (5.2.5) 

5^(0), 



^AB(PB 



(D.2.14) 



d(l)A 

Taking one derivative and setting </> = (^0 gives 

mABTgc'Poc = (D.2.15) 
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From the components we obtain the condition that the masses of the Goldstone 
boson and the mixing between Goldstone and Higgs bosons vanishes: 

= ml^mw^ = m^^mwa (D.2.16) 

Taking the derivative of (5.2.5) with respect to two fields and setting (p = (f)Q 
we find 

giP^'mw^ = mlT^A + m\T%B (D.2.17) 

where we have defined 

The components of equation (D.2.17) give the conditions 

mw^g'";^. = T^j{mf - m]) (D.2.19a) 

mw^gl^^h = -^Kp (D.2.19b) 

5«^^ = (D.2.19C) 

We can derive relations that can be used to express the quartic Goldstone 
boson scalar couplings by cubic coupling by repeating this procedure taking 
three derivatives of (5.2.5). This gives the equation 

mw^ gi?""" + g^P'^T^A + g^^^^T^B + gi^c = o (D.2.20) 

which reads in component form: 

m.g;^'^ = u^Sij^ + <pg'Sl. + ul^g'S'. (D.2.21a) 
mWSP = n^^H^ + tl.9nl. + u]^g%'., + t}Jj}^. + u],g% (D.2.21b) 

m^JjaP ^ rpP kja _ „,I3 Jicx 

'"'PgH'^^i — j-ii^gfji^ "'jigHtj)-^ 

+ T%g^?, - u%g% + t^^jri^ + ulgf. (D.2.21c) 

ijka _ rpa Ijk a 0jk 

+ Tfig%\ - u"^4% + T^,g% - (D.2.21d) 
Taking 4 derivatives of (5.2.5) we get a relation that constrains qh'^- 

D.2.4 Couplings of massless gauge bosons 

In this section we show that massless gauge bosons only couple to particles of 
the same mass. To do this we repeat the analysis of section 5.4 but allow for 
massless gauge bosons. 

(!) Scalar-gauge boson couplings 

To consider one massless and two massive gauge bosons, we use equation (B.l.lb) 
and get instead of (D.2.2): 

pP-^m^^t^^m^ , /i^^m^ = (D.2.22) 
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and so since mp ^0 

= (D.2.23) 

Using the antisymmetry of the structure constants and the t^^, instead of the 
first equation in (D.2.22), we can derive analogously 

r''"^mp = e^pm^ (D.2.24) 

Together these equations imply the two possibilities 

The coupling g,pww is for one or two massless gauge bosons, using the defintion 
(5.2.17b): 

94>ww-m^t0a-<^Q^ m„^m^ (D.2.26) 
9^ww = 0> rub = TTic = 

(ii) Fermion Couplings 

For unbroken generators we get from equation (5.2.9) instead of (5.3.3d) 

im,T^,^- = im,r£,^. (D.2.27) 

Using the conjugate equation of (5.2.9) we get instead 

imjTlij = '^ruiT^ij (D.2.28) 

so we must have rrii = nij for T^^f^^j ^ 0. 

(iii) Scalar potential 

For unbroken generators we get from (D.2.17) 

= mlT^^ + m\TXB (D.2.29) 

This gives in components 

= T^.(m2-TO?) (D.2.30a) 

= -mhZw (D.2.30b) 

The first equation implies 

= if m„ = and mj ^ (D.2.31) 

The second equation confirms that g^H4,w ~ ^ = as we know already 

from (D.2.23). 



Appendix E 

Explicit form of flips 



In this appendix we summarize the flips for spontaneously broken gauge theories, 
both in the Unear and nonUnear representation of the scalar sector. 

E.l Gauge flips 



The gauge flips for the 4 gauge boson function are in the linear realization: 




For nonlinear realizations, the Higgs exchange diagrams of the last line are not 
present in the gauge flips. 

The flips for // ^ WW are in the linear representation: 
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A new feature in spontaneously broken gauge theories are the SWH flips that 
have the same form in hnear and nonUnear reaUzations: 



r,G,l ,G,6 . _ , 



The 2W2H flips are for hnear symmetries: 




(E.l.le) 



Here the diagram 






—i 




> (E.l.lf) 



is not included in the gauge flips for nonlinear realizations of the symmetry. 

Finally we have the 3HW flips that again have the same form in linear and 
nonlinear realizations: 



G,6 X _ 




I \ 
I \ 



(E.1.2) 



E.2 Flavor and Higgs flips 

Higgs exchange has to be included in the flavor flips so they are given by 



{Ia ' , . . . ,tA' } — < 




(E.2.1) 
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Finally there arc 'Higgs flips' for diagrams without external gauge bosons that 
are gauge parameter independent by themselves: 




Appendix F 



Calculation of Ward 
Identities 

In this appendix we calculate the Ward Identities that are used in chapter 6 to 
show that the coupling constants of a spontaneously broken gauge theory can 
be reconstructed from the 4 point functions. The three point functions are dis- 
cussed in appendix F.l while the 4 point functions are evaluated in appendix F.2 
and appendix F.3. 

F.l Ward identities for 3 point functions 

In this section we evaluate the remaining Ward Identities for three point func- 
tions to obtain the relations (6.1.5) and (6.1.8) that allow to express the coupling 
constants of the Goldstone bosons in terms of the input parameters. We also 
check that the STIs for the vertices are satisfied which simplifies the calculations 
of the Ward Identities for the 4 point functions. 

F.1.1 3 W Ward Identity 

To evaluate the WI for the 3 gauge boson vertex with one unphysical gauge 
boson. 




= 



i.e. 

-K^e>^'p^^M^^^,^AWaWbWc) = m,e^^e>^'M^^^,{W,Wbcl>e) (F.1.1) 

we use the vertex in the general form of equation (D.1.4a) i.e. without assum- 
ing the total antisymmetry of the This gives for the three gauge boson 
diagram: 

= {Pa-eb){pt.-ea){r'"+f'''-r''-r'")-{ea-et,) [r\Pa ■ Pc) + f'"{Pb ■ Pc)] 

(F.1.2) 
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Here all momenta arc considered as ingoing, wc have used momentum conserva- 
tion Pa + Pb + Pc = and the fact that the polarization vectors satisfy p - e = 0. 
The diagram with one Goldstone boson gives 

e^er-^M.M.(^aW^60c) = ig;tw{ea ' Efc) (F.1.3) 

From the WI (F.1.1) we get by matching coefficients 

^abc _|_ ^bac ^cab jcba q -j^ ^ 

and 



mw^gTwW = r\Pa ■ Pc) + f'^'iPb ■ Pc) 

= -rVw^ + {Pa ■ Pb)] - f^'-Wy^, + (Pa ' Pb)] (F.1.5) 

since the left hand side is independent from the momentum, so must be the 
right hand side which gives us the condition 

jach ^ _fbca (p_^_g^ 

and finally the Goldstone boson coupling as given in equation (5.3.3b) 

mw^g^tw = r'^rn^w. ' m^wj (F.1.7) 

Since the choice of the unphysical gauge boson is arbitrary, we find from equa- 
tion (F.1.6) that the /"'"^ must be antisymmetric under the exchange of any two 
indices an therefore totally antisymmetric. 

The STI for the triple gauge boson vertex is given by equation (C.4.3): 

mpa)w,^{p,)w,p{Pe))'''' = r"^ [DwMr' - DwMr'] (f.i.s) 

Here the propagators are in unitarity gauge and we have used the simplification 
(C.4.4). Using the results from the Ward Identity, i.e. the total antisymmetry 
of the /"^° and the result for g^ww we find that the STI is satisfied 

automatically: 

{VMW^{pb)W^{Pc)t''' 

= -^r'^^- KpI-p'cPI] + [{pI - <i,)9., - {pI - m'wJauA I (F.1.9) 

Here we have used the identity 

Pyc-plPa=PlPl-p'cPl (F.1.10) 

that follows from momentum conservation. 



F.1.2 WHH Ward Identity 

The WHH Ward Identity 



(F.1.11) 
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implies after inserting the Feynman rules from appendix D.1.2 

-iT^jipi - pj) ■ Pa = imwy;^2 (F.1.12) 

so we find for the Goldstone boson -Higgs coupling, using that the Higgs are 
on-shell: 

97H^ = ^^i^k-^%)Tt, (F.1.13) 

This is the same condition as obtained from the gauge invariancc of the scalar 
potential (5.3.3e). 

If the Higgs bosons are off-shell we find, using the result (F.1.13) that the 
STI (C.4.2) is satisfied automatically: 

- {V4pa)Hi{pi)H,{pj))'''' = -\Tt^ [{pI - m%) - (p] - m%)\ (F.1.14) 

F.1.3 ffW Ward Identity 

Using the vector/axial vector notation of equation (5.1.11) we find for the con- 
traction of the ffW matrix element with the gauge boson momentum 

- ip^M^{i,ii,jWa) = -ip^Vi{pi)'y^{g^ij+g%ij'y')uj{pj) 

= -Vi{Pi)[{mf^ - mf,)g^ij - {ruf^ + mf,)g%j'y^)uj{pj) (F.1.15) 
Here we have used the Dirac equation for the spinors 

]/mi = rriiUi Viji = -rriiVi (F.1.16) 
and Pa = —{Pi +Pj)- The Goldstone boson matrix element is 

M{iJiiPj<Pa) = ivi{P2) [9sij + 9Pijl'] uj (F.1.17) 
so the WI _ _ 

-ipi^M^,{^P^^P,Wa) = mw^Mi^Aa) (F.1.18) 
gives for the coupling constants 

""^^ (F.1.19) 
The left and right-handed couplings are therefore 

(F.1.20) 

9% = {9lsi3 + 9lpij) = -- — {mf.T^ij - mf^Tlij) 

as derived from the invariance of the Yukawa couplings in equation (5.3.3d). 

Using the result for the fermion-Goldstone boson coupling from equation (F.1.19) 

we find for off-shell fcrmions 

iPa (V'i(^•^)W^a (Pa)^j(Pj))^^' + {MPi)<t>a{Pa)-4^ jiv 3))^^^ 

= {i>i+h){9v^3 + .9a.,7') + [{mu " + (™/, + "^/,)5l»j7'] 

= {9v^3 " 9%3^')^h + U>i + ^h){9vi3 + 51,7') (F.1.21) 

so the STI (C.4.5) is satisfied. 
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F.1.4 3W WI with two contractions 

The WI for the 3 gauge boson matrix element 







involves four matrix elements: 

+ imwyc<Mf,p{Wa<f>bWc) + imwMM^.AWaWb<l)c) (F.1.22) 

We start by calculating the triple gauge boson with two momentum contractions. 
For later use we record the result before contraction with the polarization vector 
of the third gauge boson: 



1 



(F.1.23) 



(F.1.24) 



plp',M^^up{WaWbW,) = r"^ 
Multiplying with Cq and for Wa on-shell we get therefore 

e^pMM^.p{WaWbW,) = rVy^r^iCa-Pc) 

This gives us for the WI: 

f°-'"'m'^^{ea ■ Pc) = mwimwjlc^a ■ [pb - Pc) 

- mwt,g^^wwi^a ■ Pc) - mw^gfwwiPb ■ £») (F.1.25) 

Using our result for g^ww from equation (5.3.3b) this can be written as 

r^^m^^ = -2mw,mwAc ' /'"'(^k -^wj+ rHm^^. ' m^^J (F.1.26) 
Prom this we can determine the Goldstone boson- gauge boson coupling: 

1 



he — 



2mwi,mw, 



(F.1.27) 



This is the result given in equation (5.3.3a) that we have derived from the Lie 

algebra and spontantcous symmetry breaking. 

If the third gauge boson is also off-shell we find instead 



{V^VbWP)'''' = -/ 



eahc 



-P'aPl + ^P'ciPb-pl-pl) 



mw^Pbg^AVW ~ mw^Pag^ww + "^W^mw^abiP^ -Pb) 



£abc 



== r 



pOpI -ml)- PciPa ■ Pc)\ + ^Pci^w, - "^k - m^wj 



= [Plipl - m^wj - P'ciPa ■ Pc)] - P'cmw^rnw/ac (F-1-28) 
and this is the same result that can be obtained from the STI (C.4.10) 
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F.1.5 3W WI with 3 contractions 

Here 8 terms have to be taken into account: 

+ {-i)mwa'mWhPc-Mp{^a^bWc) H mwamw„mwcMp{^aMc) (F.1.29) 

The 3 gauge boson vertex contracted with 3 momentum vectors gives, using 
equation (F.1.23) 



abc 



-{Pa ■ Pb)Pa + ^PaiPc ' Pb ' Pa) 



= 
(F.1.30) 



where we have used momentum conservation in the form (pa-Pb) = \ {p'i ^ p1.~ 

pD- 

Next we have to add up three diagrams with one Goldstone boson and 2 
contractions. This gives 

- {-ifmwybP''cMup{dpaWbWc) + . . . 

= ''^mw^gfwwiPb ■ Pc) + ''^■mw.glwwiPa ■ Pc) + ^mw^g^wwiPa ■ Pb) 
= i/"'"= ni^^pa ■ {pb - Pc) + tri^^pb ■ {pc - Pa) + m^^p^ ■ {pa - Pb) (F.1.31) 

The three diagrams with one unphysical gauge boson and 2 Goldstone bosons 
give 

{-i)m.w„rn.Wt,PcMp{(t>a(t)bWc) + ■■■ 
= ~imw^mwttabPciPa-Pb)-imw^mwJtcPaiPb-Pc)-^mw^mwJacPbiPa-Pc^ 

= -i^/"^'' {mw, - m^^ - m^Jpc • {Pa -Pb) + {m^^ - m^^ - m'^Jpa ■ {pb-Pc) 

- (iKy, - r^Wa - '^Wc)Pb ■ {Pa - Pc) (F.1.32) 
Adding up the 1 and 2 Goldstone boson diagrams (F.1.31) and (F.1.32) we get 

+ + "^wj Pc ■ {Pa - Pb) + Pa ■ [Pb - Pc) 

+ Pb-{Pc-Pa)\=Q (F.1.33) 

Therefore we must have 

gt = (F-i-34) 

This is also clear on general grounds: since all particles are off-shell we cannot 
get rid of the momentum dependence in all other diagrams so these must add 
up to zero. 



F.2 Wis for 4 point function with one contrac- 
tion 



Wc now derive the conditions arising from the 4 point Ward Identities with one 
contraction. Since the 3 point STIs are satisfied, the calculations follow the 
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pattern discussed in section 4.1: the internal propagators cancel because of the 
three point STIs and the resulting conditions on the coupling constants are the 
STIs for the 4 point vertices. 

F.2.1 WW^WW 

To the amplitude for 4 gauge boson scattering contribute three gauge boson 
exchange, three Higgs boson exchange diagram and one diagram with a quartic 
vertex. Using the STI for the WWW vertex (F.1.8) we find for the s-channel 
gauge boson exchange diagram: 




-2(ec • eb){Pc ■ ed)\ 

(F.2.1) 

The diagram with the 4 gauge boson vertex gives 





(Pa-ee)(e6-ed)+5^f(p„-ed)(e6-ee)+5?^r(p„-e6)(ee-ed)) 

THWa 

(F.2.2) 

The Higgs exchange diagrams satisfy the WI for themselves because the STI 
(6.1.4)) is satisfied even for an off-shell Higgs boson: 



(F.2.3) 



Adding up s, t and u-channel diagrams and picking up the coefficient of (e;, • e^) 
gives, using momentum conservation 

2fabefcde^p^ . _ f ace f bde ^ 3^^) • £0 + 2/«''7^- (p„ +pd) ■ = -gf'APa ' Co) 

(F.2.4) 

The vanishing of the coefficient of {pd ■ Cc) now gives the Jacobi identity (5.1.2): 

jabe jcde _|_ jcae jbde _|_ ^ade ^bce q 2 5^ 

while the coefficient of {pd ■ Cc) yields the quartic gauge coupling: 

gttbcd jace jbde 2 ^fif^e jbce jabe jcde jade jbce 2 

The coefficients of the other polarization vectors reproduce these results. 
F.2.2 // ^ WW 

The Ward Identity for gluon boson pair production is the standard example for 
the application of Ward Identities in unbroken Yang mills theory (see e.g. [40]). 
The only new features in the spontaneously broken case are the Higgs exchange 
diagrams and the diagrams with external Goldstone bosons. 
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Using the STI (C.4.5), the f-channel Compton diagram gives 




J J it 



while the u-channel diagram is obtained by exchanging a and b and applying a 
sign change since the unphysical gauge boson is inserted into an vertex with an 
ingoing anti-fermion (see the STI (C.4.5)). Therefore the sum of the Compton 

diagrams is given by 



(F.2.8) 

Using the STI (F.1.8), we find for the s-channel gauge boson exchange diagram 





(F.2.9) 



Because of the STI (6.1.3) the s-channel Higgs exchange diagram satisfies the 
WI by itself: 



(F.2.10) 



Adding up the Compton diagrams and the gauge boson exchange diagram we 
find as the coefiicients of (1—7^) and (1+7^) the lie algebra of the representation 
matrices 



Lij 







(F.2.11) 
(F.2.12) 



F.2.3 // ^ WH 

In the Ward Identity for the // — > WH amplitude, the Yukawa couplings of the 
Higgs bosons play a essential role, in contrast to the case of gauge boson pair 
production considered in appendix F.2.2. The Yukawa coupling enters in the 
Higgs exchange s-channel diagram and the Compton-like diagrams. The Higgs 
exchange diagram can be computed using the STI for the WHH vertex (C.4.2): 



rn'S^l = -'^^^'^^a'kiiC-^) + 9%{^))uiiPj)TL (F.2.13) 
Using the STI (C.4.5) we get for the i-channel Compton diagram 



f = {^)MPi){9%urlii{^)+g%ir''mj{^))ni{P3) (F.2.14) 
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The u-channel diagram is similarly 




Next we turn to the s-channel gauge boson exchange diagram. Using the STI 
for the HWW vertex (C.4.1) and using equation (6.2.6) we can cancel the 
propagator: 




''Wa 



In the last step we have used the WI for the tpWip vertex to trade the gauge 
boson coupling for the Goldstone boson coupling. (We must take care of signs 
since we consider the momentum of the unphysical gauge boson at the 3W 
vertex as outgoing.) 

The sum of the coefficients of (1 — 7^) in all diagrams gives 

^hba 

= -^^^9h - ii9%ijTL) - 9%urlij + riu9%ii (F.2.17) 



w„ 



That is the result given in (6.2.15). The coefficient of (1+7^) gives the hermitian 
conjugate equation. 

F.2.4 ?,WH 

In a theory with a general Higgs sector, there are three diagrams with gauge 
boson, three with Higgs exchange and one diagram with a quartic vertex con- 
tributing to the ZWH amplitude. 

The f-channel gauge boson exchange diagram can be computed using the 
STI for the HWW vertex (C.4.1) the relation equation (6.2.6) and the Ward 
Identity for the 3 gauge boson vertex (compare with the comments after equa- 
tion (F.2.16)) leading to: 



\ 

\ 



(F.2.18) 

The s- and u channel gauge boson exchange diagrams give, using the STI 
for the 3VF vertex (F.1.8) 



■^9Hwwr"'{eb ■ ec) - ig'^'wwr^b ■ ec) (F.2.19) 
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The s- and u- channel Higgs exchange diagrams automatically satisfy the WI 
because of the STI (C.4.1) for the HWW vertex. 




H + IJt =0 (F.2.20) 



This is not the case for the t-channel diagram that gives, using the STI (C.4.2) 



'^Ttj9'^wwi^b-ec) (F.2.21) 

H ' 



\ 

V 

\ 

/ 

The only diagram with a quartic vertex contributing to the WI is the diagram 
with an external Goldstone boson: 

^\ / 

H =-imwA^b-ec)9^t^^iy. (F.2.22) 

Adding up the diagrams results in the condition 

abci r,icd fabd ibd facd 9 HWW „dbc i^o-nJ^c /-p n r)o\ 

^Wa.9H4>w^ — ~yHWWJ ~9hwwj ~ '^^^^^^9,pWW~^-'-ij9HWW lJ^-^-^<5; 

F.2.5 3HW 

The 3HW amplitude is the last Ward Identity with one contraction we have to 
consider. The s-channel Higgs exchange diagrams are, using the STI (C.4.2) 

|^y-.;fi + I + =i9fsTri+i9'SiT^i+i9'^sTr^ 

I \ \ 

/ V \ 

(F.2.24) 

The gauge boson exchange diagrams are, using the STI (C.4.1) and equa- 
tion (6.2.6): 



kl 



Aah n^^^ ^kab 

= -igbjk 9hww _ - bik iHww _ . bij 9hww .f_2.25) 

To arrive at this form, we have also used the Ward Identity for the HHW vertex 
(compare to the remarks after equation (F.2.16)). There is only one contribution 
to the diagrams with a quartic vertex: 
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so altogether we have derived the condition 

^iab r,^^^ ^kah 

aijk _ jklrpa bjk 9 HWW , „ikl r^a hik yjIWW.ijlrpa bij i) HWW 

mw.g^H^ - g^^T^i -g^^, +5^,3i;, -g^H^ +5^3 T,, -5^^. 

(F.2.27) 



F.3 4 point Wis with several contractions 

In this appendix we turn to the evaluations of the Ward Identities with more 
than one contraction. The calculations are simplified by the use of the STIs for 
cubic vertices with 2 contractions (3.4.11). 



F.3.1 4W Ward identity with 2 unphysical l^s 

The s-channel gauge boson exchange diagram can again be calculated using the 
STI (C.4.10) and the contracted version equation (F.3. 10). We get 

H; fabe fcde ( ^ , IJ}^^ ,a 
X [(ec • ed)(p(f^ - pT) + K'i^c ■ Pd) - K'{ed ■ Pc)] 
= i {mw.glwwttbi^c ■ ed)) 

+ ir^'f"^' [(ee • ed)pb ■ iPc - Pd) + 2{ed ■ Pb){ec ■ Pd) - 2(ec • Pb){ed ■ Pc) 

(F.3.1) 

For the t and u channel diagrams wc have to use the STI for the three gauge 
boson vertex (F.1.8) for both vertices. The s-channel diagram is 




= (-i)3/-e;6rfe^^e [(^2 _ m'^J,^^^ _ p^^^ (p, . e,)] 

= i/"-/*"^^ [{t - mlrjicc ■ ed) + iPa ■ ec)iPb ■ e<i)] 



(F.3.2) 



while the u channel diagram is given by 




The s channel Higgs exchange diagram gives, using the STI for the HWW- 
vertex with two unphysical gauge bosons (C.4.9) 

--^S^^ = i})'\9'S'ww9'fww{^c ■ ea) (F.3.4) 
The t- and u channel Higgs exchange diagrams again satisfy the WI directly. 

H \ + l^t* = (F.3.5) 
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Only two diagrams with 4 point vertices contribute. The 4 gauge boson diagram 
is given by 




=(-i)' [ir"'/'''' - r^^fniPa ■ ec){Pb ■ ea) 
+ (/"-/^'^^ + r'''f''n(Pa-Pb){eced) 



(F.3.6) 



while the 2W2(j) diagram is 




(F.3.7) 



In the sum of all diagrams we first consider the terms cx (cc • e^) 

-^mw^gf^wtib + ir'^r'^Pb ■ (Pc - Pd) 



,;(facej:bde. fade fbce\( \ ; „icib icd ■ abed 

+ AJ J +/ / )\Pa-Pb) -^-j^9HWW9HWW -^^Wc,mWb94>'2W^ 



abed 

(F.3.8) 



Using the Jacobi identity, the momentum dependence drops out and one can 
derive the condition 



mwamwi,9^2]y2 - -^gnwwgHww — ^WbSm'w'-be 



1 



iah ^icd 



cd I a 



)-r^7'"'^(m^^-m^J) (F.3.9) 



We 



The coefficients of the other terms can be shown to cancel because of the Jacobi 
identity and momentum conservation. 



F.3.2 3WH Ward identity with 2 unphysical Ws 

For the s-channcl gauge boson exchange diagram wc need the STI for the WWW 
vertex (C.4.10) contracted with a propagator. Using equation (6.2.6) we find 



{Va{Pa)T>b{pb)WeM)'''' G»;~\Pc) = il/^'X + "^P^Xb] 



so we get for the diagram: 

Ba\ ' H, _ ,,.^2„^ce 




— (i) 9hww 



r%Pb-ee) + 



m 



We 



abe 



-yPa - Pb) ■ Cc H -\Pa + Pb) ■ Cc 



We 



(F.3.10) 



(F.3.11) 



Using the STI for the 3 gauge boson vertex (F.1.8) and the STI for the EWW 
vertex (C.4.1) we find for the f-and u-channel diagrams 
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^ -(-i)' 2 [r"5]IW(ec • Pa) + f'^gTwwi^c ■ Pb)] 

(F.3.12) 

The s-channel Higgs exchange diagram can be calculated using the STI for 
the HWW vertex with two unphysical gauge bosons (C.4.9): 



^ ^W^c ~ dHww'^jii^c ■ Pi) 



(F.3.13) 




Because of the STI for the HWW vertex (C.4.1), the t and u channel Higgs 
exchange diagrams satisfy the WI by themselves: 



(F.3.14) 



The only diagrams with quartic vertices are two WWH(p diagrams that give 

V Wa / \ / 

(i)b^{^' + VKb >( =iSf{mwjH%APh-^c)^mwjH7wAPa-^c)\ 

■k' Wc~^ ^ W^ , ^ 

(F.3.15) 

The coefficients oc (ec • Pa) give: 



1 / Tn^ TTl^ 

ibac ^ice £abr 



2 



m 



We 



^ face ibe ^3^^ T^c 

o/ yHWW~yHWW^ji 

(F.3.16) 



The terms oc (ec • Pb) give a similar condition. 



F.3.3 AW Ward identity with 3 unphysical Ws 

Using the STI for the triple gauge boson vertex (F.1.8) and the contracted STI 
for the triple gauge boson vertex with two unphysical gauge bosons (F.3.10) the 
s-channel diagram is 




= -i})\r'''r''' 



-(paM - Pbn) ^ z:^ ^(paM + PbiA 



m 



We 



[(s-ml.X, + {p^^+p^,){p,-ea)] 
= ^r'V'=''^{(3-m^J[-(Pa-ed) + (p,-ed)]-(Pc-ed)[(p^m2^J-(p^m^J]} 



(F.3.17) 
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The t- and w-channcl diagrams arc obtained by index exchange. The Higgs 
exchange diagrams all satisfy the WI by themselves: 



(F.3.18) 



The diagrams with quartic vertices contain one diagram with 4 gauge bosons 

(_i)4 ^^fabejcde _ fadejbce^^^^ . ^^^^^^ . 
_ ^jabejode ^ face jbde^^^^ . ^^^^^^ . 




and 3 WWipcp diagrams : 




y +Wamwc94,V¥2{Pb-ed) ] 



(F.3.20) 



Eliminating Pc and collecting all terms oc {pa ■ e^) we get 

- lr''r''{is - m^J - [{pI - m^J - {pI - m^^J] + 2{p, ■ p,)} 
- \r'''f'''{{t - mlrj + M - mlrj - {pI - m^^J] + 2(p„ -p,)} 

) + [{Pa -Pb) + {Pb -Pc) ^-mw^mwig% 



(F.3.21) 



A tedious calculation using the Jacobi Identity, the result for the quartic cou- 
pling (5.3.6a) and the identity s + t + u = Pa + pI + Pc + "^d results in the 
condition 



aed £che 



'We 



m 



We 



~^9h'ww9hww' 



a c 



(F.3.22) 



This is the form given in equation (6.3.7) and in [36]. To show that this is indeed 
the ab component of the commutator relation (5.1.6) wc work backward: 



j.a J.C _ J.C j.a _ a c i „c a _ facej., 
He'^ed He'^ed 9bi9id + 9bi9id — J 



bd 



m 



We 



^j}abefced^^2^^ _ ^2^^ _ ^2^J^^2^^ _ ^^2^^ _ m|^.^)] —9hWw9hWW 



) (F.3.23) 
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Prom this we can derive 



We 



-m 



jabe jced 



m 



We 



~ 9hww9hww ~ o, c 



(F.3.24) 



and then using the Jacobi identity we find equation (F.3.22) 



F.3.4 // WW with 2 unphysical W s 

This time we have to use the STI (C.4.5) for both vertices so the t-channel 
Compton diagram gives 



b a 1+7-^ 



(F.3.25) 

We could obtain the w-channel diagram simply by exchanging a and h but it 
will be more useful below to make the first term in both diagrams proportional 
to /ifc. Then we obtain for this diagram 




=Wi{pi){g'^a - g%n -i>b + mfMij + gAijThjiPj) 

= - m{Pi)h [rliirhjC-^) + T^iAlj^)] uAPo) 



The sum of t- and u channel diagrams gives therefore 



(F.3.26) 




Wi{pi)h [ri,TE],,(i^) + [T^,r^],,-i^) u^ip^ 



(F.3.27) 

To compute the s-channel gauge boson exchange diagram wc need the STI 
for the WWW vertex contracted with a propagator (F.3.10). Therefore the 
s-channel gauge boson exchange diagram is 




^i^^)Vi{Pi) 



Bh 



h r^^Bl =-Vi(pi) {r''Th^h--^rnw,g%iit%){^) 



{gvij + 9Aiji )uj{Pj) 

,c j.a wl-Tf 



(F.3.28) 
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Using the STI (C.4.9) for the HWW vertex with two unphysical gauge bosons 
we get for the s-channel Higgs-exchange diagram 

= -■^9HwwV^{p^){9''mji.^) + 9%C-^))uAp3) (F.3.29) 



Adding up the different contributions we see after using the He algebra of the 
fermion generators (5.1.10) that the first hne of equation (F.3.27) cancels the 
terms with in the gauge boson exchange diagram (F.3.28). 
The remaining terms oc (1 — 7^) give the condition 

-^9lurlii - ■^r^Hu9lii = 9^*0^ - 9''mj (F.3.30) 
and the terms oc (1+7^) similarly the hermitian conjugate equation. 

F.3.5 2W2H Ward identity with 2 unphysical Ws 

(i) Higgs-Exchange 

Using the STI for the WWH vertex with two contractions (C.4.9) for the WWH 
vertex, the s-channel Higgs-exchange diagram is given by 

/ 




; fi= -igf^inmv (F.3.31) 



\ 



From the STI (C.4.2) the t- and u-channel diagrams are found to be 



= i {T^uTljiiPa + hf - m\) + TlT^^iip^ + k^f - m\)\ (F.3.32) 
(ii) Gauge boson exchange 

The s-channel gauge boson exchange diagram can be computed using the STI for 
the triple gauge boson vertex with 2 contractions in the form of equation (F.3.10) 

/ =i7:^.(fc,-fc,.)''[r'x + p^p;^*c6] 

I "^w-c (F.3.33) 

The u- and ^-channel gauge boson exchange diagrams are obtained using the 
STI for the BWW vertex (C.4.1): 

i(- 2 )9Hww9Hwwi^j +Pb) ■ {ki + Pa) 





1 

'■Wd 



+ 'A^^)9'HWw9HWw{h +Pb) ■ {kj +Pa) 



(F.3.34) 
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(iii) Quartic vertices 

The terms with the quartic vertices give 




-'^9h^w2 {Pa ■ Pb) + ''^'mwa'mwi9f2H2 (F.3.35) 



(iv) Condition on the coupling constants 

Adding up the contributions from the diagrams, we obtain the condition 

ahij abii / \ 

mwa'mwb9^2H2 - gmw^KPa ■ Ph) 



— Tijf^^iki — kj) ■ Pb — mwbtcbd'^HH + A ^2 9hww9hww i^j +Pb)'^ 

^kab 

jac icb (1 I ^ \2 I Jjk IJHWW 



+ ^g'Hwwg'^'wwih+Pbf + gfs^-^^ (F.3.36) 



After another tedious calculation, using the expression for gn^w^ from equa- 
tion (6.2.12), we find that the coefficients of the terms without momenta give 
the condition 

m m n^^"'^ — rr, 7-0 t^„kab Jjk . rpa rpb (^2 ^2 \ 

'mwanT'W„9^2H2 - mwaicb9^H2 + 2^Hww9m + -'fei-'fcj y^Hj - ^Hu) 



+ ^^2 9hww9hww + '^kj'^ki {''^Hi ~ ''^hJ + '4^^' 9hww9hww 

(F.3.37) 

Inserting the relations for the triple scalar couplings from (6.1.5) and (6.1.8) , 
we see that this is the same as the invariance condition of the scalar potential 
(D.2.21c). 

The remaining terms are all proportional to Pb ■ {ki — kj) and their coefficients 



are 



fabcrpc rpa rpb \rparpb ^ ^iac I ^J^*^ y^^^C 

— ~/ -'■ij~-'-ki-'-kj'^-'-kj-'-ki~J~^9HWW9HWW'^'7~2~9HWw9HWW 



(F.3.38) 



This is just the commutation relation from equation (6.2.12) 

F.3.6 3WH Ward identity with 3 unphysical Ws 

Using the STIs (C.4.1) and (F.3.10) the s-channel gauge boson exchange dia- 
grams is given by 




— ~^29hww 



f'''Pa-{Pa+Pb)-'^tls 



(F.3.39) 
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The t- and w-channcl diagrams are obtained by permutations of the indices. 

Using the STIs for the HWW vertex with one (C.4.2) and two contractions 
(C.4.9) the s-channel Higgs exchange diagrams 

The diagrams with quartic vertices consist of three WWHcf) diagrams: 





= -(i)3 [mw^9H%v^ i'Pb ■ Pc) + mw.gHlw^ (.Pa ■ Pc) + mw^Htw^ (Pa ■ Pb)] 

(F.3.41) 

and one (f)^H diagram: 

^ Hi " 

\ / 

<\) = -'^mw^mw^mw^H^ (F.3.42) 

✓ \ 

To obtain the conditions on the coupling constants, we eUminate pi, s,t,w and 
the momcintuni bilinear (pa -pc) by momentum conservation. The terms without 
momentum dependence give the condition 



- lmpr,g^j,tw - + Ig'^ww^, {m^H, - m% ) (F.3.43) 

Inserting gn^iw^ from equation (6.3.5) results in 

mw^mw.mw^g^^^. = --^^dTwwtbe + ^{rn% - m%)g^^^^y^,T^^ 

- Irnl^gHww^Jce - Irnptjg'H'^w + {dTwwT^j " ^% ) (F.3.44) 

This reproduces the invariance condition (D.2.21b). Using the relations (6.3.5) 
and (6.3.3) for gH4>w^ and the commutation relation (6.3.6) one can show that 
the momentum dependent terms vanish. 



jcae _ ^UhLtl 

rUe 



F.3.7 WW WW with 4 contractions 
(i) Gauge boson exchange 

Using the STI for the triple gauge boson vertex with two contractions in the 
forms (C.4.12) and (F.3.10), the s-channel diagram is 
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{s - m^J {pa - Pb) ■ {pc - Pd) - 



m 



-ipi-pi) 



2 2 

''^Wa ~ 1 uJ2 _2^ tj2 _2^ 



m 



[{pi- mi) -{pi- mi) 



We 



(F.3.45) 



The t- and u-channel diagrams are obtained by index exchange. 
The s channel Higgs exchange diagram is given by 




(F.3.46) 



The diagrams with quartic vertices contain one diagram with 4 gauge bosons 




(-i)" [ir^r^ - r^riipa ■ pcKp^ ■ Pd) 
+ ir^f''^ + r^^f^ipa ■ Pb){Pc ■ Pd) 

_ ^fabefcde ^ facefbde^^^^ . ^^^^^^.^ ) 



(F.3.47) 



one quartic Goldstone boson diagram 



ig<j,*mwa'mwi'mwc'mw4 



(F.3.48) 




and 6 WWcfxp diagrams : 

(i)^ mwamwb9$w^ {Pc ■ Pd) + "^lya ww^ gp^ys {pb ■ Pd) 

■■ = + mwa.mwi9liw^ {Pb ■ Pc) + mwbmwe9pi^2 {pa ■ Pd) 

+ mw^mwagliw^ {Pa ■ Pc) + mw^mWig'^w^ {Pa ■ Pb) 

(F.3.49) 

The terms without momentum dependence result in the condition 



m 



Hi ^iab ^icd 



9hww9hww 



Hi iac ^ibd 
'yHWWilHWW 



m 



' QhwwShww (F-3.50) 



4 4 
This is the condition (6.3.12) for the quartic Goldstone boson coupling. 
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